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Ordinary differential equations for Math /&% %)
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1. Let the operator D,z := 2™ + a,_;(t)z"V + - - - + ao(t)x have coefficients with period 7.
a. Suppose two solutions, z(t), Z(t) of D,z = 0 satisfy: @ (t,+T) = x@(¢t,) foralli =0,...,n—1.

b.

Prove: z(t) =z(t +T).
Prove: for any basis of solutions x(t) := (21(f),...,2,(t)) one can present z(t) = y(t) - ™,
where y is a row of periodic functions, while R € Mat,,»,,(C).

. Let x1(t), z2(t) be solutions of the equation Dsz = 0. Take the fundamental matrix X(t)

satisfying X(0) = 1. Let e®T be the corresponding monodromy matrix. Prove: its eigenvalues
are the roots of the polynomial 22 — (x1(T) + 24(T))z + e~ Jo athat — .

Verify: e2V f(z) = f(z + a), here V = (0y,,...,04,).

b. Why is the expansion Taylory, [ f(t)] presented as e =) f|,_, and not just e(—%0)d f|,_, ?

. Find the full Taylor series of the solution of " + " -z =0, pe N, z(0)=0, 2/(0) = 1.

(A remark: while we have the general formula for T'aylorg[z(t)], it is often worth to start from
the expansion Y ¢;t/, and to identify the coefficients.)

d. Let z(t) be the (local) solution of 2’ = e***, z(0) = 0. Find Taylore[z(t)] up to order 6.

. Write down the Taylor expansion (at t,) of a solution z(¢) of 2’ = A - .

A(t—to)

Verify that you get z(t) = e - Ty

. Let x(t) be the solution of 2’ = A(t) - z, z(ty) = x,. Compute the Taylor expanion of z(t) up

to order 3. (Attention, the matrices A(t), A’'(t) do not necessarily commute.)



