A PARALLEL ALGORITHM FOR NON-COOPERATIVE RESOURCE ALLOCATION GAMES

L. M. Bregman^a and I.N. Fokin^{b ∗}

aInstitute for Industrial Mathematics, 4 Yehuda Hanakhtom, Beer-Sheva 84311, Israel

bInstitute for Economics and Mathematics, Russian Academy of Sciences, 38 Serpuchovskaya str., St. Petersburg 198013, Russia

Non-cooperative resource allocation games which generalize the Blotto game are considered. These games can be reduced to matrix games, but the size of the obtained matrices is huge. We establish special properties of these matrices which make it possible to develop algorithms operating with relatively small arrays for the construction of the Nash equilibrium in the considered games. The computations in the algorithms can be performed in parallel.

1. INTRODUCTION

Let us consider a non-cooperative game (game Γ) with a finite set I of players. Player i ∈ I owns integer capacity K_i > 0 of some resource. The players allocate their resources among a finite set N of terrains. A pure strategy of player i is defined as a vector

x_i := (x_{iν}), ν ∈ N, x_{iν} are non-negative integers, and ∑ ν∈N x_{iν} = K_i. The component x_{iν} is interpreted as the number of resource units which player i allocates to terrain ν.

The payoff of each player is assumed to be additive, that is, if all players use pure strategies (player i uses a strategy x_i), and x := (x_i), i ∈ I, is a strategy profile, then player i obtains payoff π_i(x) := ∑ j∈I π_{ij}(x_i, x_j), and his payoff against rival j is assumed to be additive subject to the terrains:

π_{ij}(x_i, x_j) := ∑ ν∈N π_{ijν} (x_{iν}, x_{jν}). (1) Here π_{ii}(x_i, x_i) is assumed to be 0, for all x_i. Moreover, any pairwise interaction is assumed to be zero-sum, i.e.

π_{ij}(x_i, x_j) + π_{ji}(x_j, x_i) = 0. (2)

�We thank the anonymous referee for many constructive comments and suggestions which helped to improve the first version of the manuscript

Evidently, (2) implies that ∑ i∈I π_i(x) = 0, for all profiles of strategies x, so Γ is a zero-sum game.

Note that player i has

m_i := ( K_i + |N| − 1 |N| − 1 )

pure strategies, it is the number of ordered partitions of integer K_i + |N| in |N| parts (see [1]).

The game Γ is a generalization of the well-known Blotto game (see, for example, [2,3]). We are interested to construct a method for finding a Nash equilibrium in Γ. As shown in section 2, the Nash equilibrium can be obtained from the solution of some fair matrix game, that is, from the solution of some feasibility problem. The order of the game matrix is huge, it is ∏ i∈I m_i. However, the rank of the matrix is much smaller than its order.

Because of this a method can be constructed which operates with arrays and matrices of relatively small size.

The resource allocation game considered in the present paper is a particular case of the separable non-cooperative game introduced in [4]. The method for the construction of the Nash equilibrium described there operates with vectors and matrices with size equal to the rank of the game matrix.

Special properties of the resource allocation game make it possible to reduce the magnitude of arrays required by the method and to organize the computations so that they can be performed in parallel.

2. NASH EQUILIBRIUM AND EQUIVALENT MATRIX GAME

Let X_i be the set of pure strategies of player i in game Γ. We denote ∏ i∈I X_i by X. For the resource allocation game,

|X_i| = m_i = ( K_i + |N| − 1 |N| − 1 ) . Let s_i be a mixed strategy for player i, i.e. s_i is a probability distribution on X^i:

s_i(x_i) ≥ 0, ∑ xi∈Xi s_i(x_i) = 1.

Let S_i be the set of mixed strategies for player i, and S := ∏ i∈I S_i the set of randomizedstrategy profiles. For s ∈ S, the expected value of the payoff function for player i is

π_i(s) = ∑ x∈X π_i(x) ∏ j∈I s_j (x_j). (3)

However, taking into account that player interactions are pairwise, we can represent π_i(s) in a simpler form: π_i(s) = ∑ j∈I π_{ij}(s_i, s_j), where π_{ij}(s_i, s_j) := ∑ xi∈Xi,xj∈Xj π_{ij}(x_i, x_j)s_i(x_i)s_j (x_j).

For any t_i ∈ S_i, we let (s_{−i}, t_i) denote the randomized-strategy profile in which the i-th component is t_i and all other components are as in s. Thus, π(s_{−i}, t_i) = ∑ x∈X ∏ j∈I\i s_j(x_j) t_i(x_i)π_i(x), or π(s_{−i}, t_i) = ∑ j∈I ∑ xi∈Xi,xj∈Xj π_{ij}(x_i, x_j)t_i(x_i)s_j(x_j). (4)

Definition 2.1 We say that s ∈ S is a Nash equilibrium if π_i(s) ≥ π_i(s_{−i}, t_i), for each i ∈ I, t_i ∈ S_i. Now we construct a fair matrix game Δ which is equivalent to game Γ, that is, each randomized-strategy profile in Γ corresponds to some mixed strategy for a player in Δ and vice versa. The strategy corresponding to the Nash equilibrium is an optimal mixed strategy in Δ. Since game Δ is fair (i.e. its value is 0 and the sets of optimal strategies for the first and second player are the same), an optimal mixed strategy can be found by the solution of some linear feasibility problem.

Construct |X_i|×|X_j|-matrices H_{ij}: an element in the row corresponding to the strategy x_i ∈ X_i and in the column corresponding to the strategy x_j ∈ X_j is defined as H_{ij}[x_i, x_j] := π_{ij}(x_i, x_j). H_{ii} is defined as |X_i| × |X_i|-matrix of zeros. It is clear that H_{ij} = −H^T_{ji}.

Then we consider a matrix H consisting of blocks H_{ij} :

H :=

H_{11} H_{12} . . . H_{1 |I|} . . . . . . . . . . . . H_{|I| 1} H_{|I| 2} . . . H_{|I| |I|}. Matrix H is a square matrix of order ∑ i∈I |X_i| . It is a skew-symmetric matrix, that is, H = −H^T .

Consider a matrix B consisting of zeros and ones. Each row of B corresponds to some x ∈ X, that is, B has m := ∏ i∈I |X_i| rows. The columns of B are divided into |I| blocks. The i-th block B_i corresponds to set X_i and consists of |X_i| columns, each column corresponding to some x_i ∈ X_i. Matrix B has |I| ones in each row: one 1 in each block, namely, if some row corresponds to x = (x_i), i ∈ I, then it has 1 in the i-th block in the column corresponding to strategy x_i.

Let us consider now a matrix game Δ with (m × m)-matrix A = BHB^T . (5) It is clear that matrix A is skew-symmetric. It means that game Δ is fair, its value is 0 and the sets of optimal strategies for the first and second player are the same.

Lemma 2.2 If a vector y is a mixed strategy for the second player in Δ, then s = B^T y is a randomized-strategy profile in Γ. The reverse: if s is a randomized-strategy profile in Γ, then there exists a vector y satisfying B^T y = s which is a mixed strategy for the second player in Δ.

Proof. Let y be a mixed strategy for the second player in Δ, and s = B^T y. Then s = (s_i), i ∈ I, where s_i = B^T_i y. Since B_i has one unity in each row, and ∑ x∈X y(x) = 1, we have ∑ xi∈Xi si(xi) = 1, for all i ∈ I. It is clear that si ≥ 0, for all i and x

i, because B_i and y are non-negative. So s_i is a mixed strategy for player i in Γ, and s is a randomizedstrategy profile.

Let s = (s_i), i ∈ I, be a randomized-strategy profile in Γ. Consider a vector y with components y(x), x ∈ X, defined as

y(x) := ∏ i∈I s_i(x_i). It is clear that y is a probability vector, that is, y is a mixed strategy for the second player in Δ. Show that B^T_i y = s_i, for all i ∈ I.

Let t be a component of vector B^T_i y corresponding to some z ∈ X_i. Then t = ∑ {x∈X: xi=z} ∏ j∈I s_j(x_j) = s_i(z) ∏ j≠i ∑ xj∈Xj s_j(x_j). Since ∑ xj ∈Xj sj(xj) = 1, we have B T i y = s_i, that is, B^T y = s.

Obviously, the lemma’s statements also relate to the first player strategies.

Theorem 2.3 Game Δ is equivalent to Γ, i.e. if y is an optimal strategy for the second player in Δ, then s = B^T y is a Nash equilibrium in Γ, and if s ∈ S is a Nash equilibrium in Γ, then each y satisfying s = B^T y is an optimal strategy for the second player in Δ.

Proof. Let y be an optimal strategy for the second player in Δ. Since Δ is fair, this means that Ay ≤ 0, ∑ x∈X y(x) = 1, y ≥ 0. (6) Let s = B^T y, s = (s_i), i ∈ I, s_i is a mixed strategy for the i-th player. Let t_i be another mixed strategy for player i, and u = (s_{−i}, t_i).

By lemma 2.2, there exists a mixed strategy for the first player z such that zB = u. By (6), we have zAy ≤ 0, or taking into account representation (5), uHs ≤ 0. The latter inequality is equivalent to ∑ k∈I,j∈I u_kH_{kj} s_j ≤ 0. By definition of H_{kj} ,

u_kH_{kj} s_j = ∑ xk∈Xk,xj∈Xj π(x_k, x_j)u_k(x_k)s_j (x_j)

For k ≠ i, ∑ j∈I u_kH_{kj} s_j = ∑ j∈I s_kH_{kj} s_j = ∑ j∈I ∑ xk∈Xk,xj∈Xj π(x_k, x_j)s_k(x_k)s_j(x_j) = π_k(s),

and for k = i, by (4), ∑ j∈I u_iH_{ij} s_j = ∑ j∈I t_iH_{ij} s_j = ∑ j∈I ∑ xi∈Xi,xj∈Xj π(x_i, x_j)t_i(x_i)s_j (x_j) = π_i(s_{−i}, t_i).

These relations imply that ∑ k≠i π_k(s) + π_i(s_{−i}, t_i) ≤ 0,

and since Γ is a zero sum game, i.e. ∑ k∈I π_k(s) = 0, we have π_i(s_{−i}, t_i) ≤ π_i(s). Since i ∈ I and t_i ∈ S_i was chosen arbitrarily, this means that s is a Nash equilibrium in Γ. Let now s be a Nash equilibrium in Γ. Take x ∈ X: x = (x_i), i ∈ I. Let u_i be the mixed strategy for the i-th player which chooses the strategy x_i with the probability 1, and u := (u_i), i ∈ I. Then u = b_x, where b_x is the row of matrix B corresponding to the strategy profile x. For each i ∈ I, we have π_i(s_{−i}, u_i) ≤ π_i(s). Summing these inequalities, we obtain ∑ i∈I π_i(s_{−i}, u_i) ≤ ∑ i∈I π_i(s) = 0.

Using (4), we have uHs ≤ 0. Let y be a mixed strategy for the second player in Δ such that s = B^T y (such y exists by lemma 2.2). Then b_xHB^T y ≤ 0. Since x was chosen arbitrarily, we have BHB^T y ≤ 0, that is, y is an optimal strategy for the second player in Δ.

Thus, the problem of finding a Nash equilibrium in Γ has been reduced to the solution of a system of linear inequalities (6). However, the number of variables and constraints in (6) is huge because the order of matrix A is ∏ i∈I |X_i| = ∏ i∈I ( K_i + |N| − 1 |N| − 1 ) . We need to exploit specific properties of matrix A to construct an efficient method for the solution of system (6). The basic property is that the rank of matrix A is significantly smaller than its order, and we can represent this matrix as a product of matrices with relatively small size.

Representation (5) gives some factorization for matrix A, and we can see that the rank of A is not greater than the number of rows in H which is equal to the sum of the numbers of pure strategies of all the players. This is significantly smaller than the number of rows (or columns) in A which is equal to the product of these numbers, but it is still a large number. We construct a factorization for matrix H which shows that in fact the rank of matrix A is much smaller than that of H. This factorization makes it possible to construct an efficient method for the solution of (6) which operates with arrays of relatively small size.

We begin with a factorization of matrices H_{ij} . The factorization reflects the additive form of the elements of these matrices expressed by (1).

Let us introduce (K_i + 1) × (K_j + 1)- matrices p_{ijν} , ν ∈ N, whose elements are payoffs for player i from player j on terrain ν, i.e. p_{ijν} [k_i, k_j ] := π_{ijν}(k_i, k_j), 0 ≤ k_i ≤ K_i, 0 ≤ k_j ≤ K_j . Construct a block-angular matrix G_{ij} , which is composed of blocks p_{ijν} :

G_{ij} := p_{ij1} p_{ij2} . . . p_{ij|N |} .

G_{ij} is an (|N|(K_i + 1) × |N|(K_j + 1))-matrix.

Let us consider zero-one matrices R_{iν} , i ∈ I, ν ∈ N. Each row of R_{iν} corresponds to some pure strategy of player i. The number of columns in this matrix is equal to K_i + 1. The element in the row corresponding to strategy x_i and in column k (0 ≤ k ≤ K_i) is equal to one, if player i allocates k units of the resource to terrain ν in his strategy x^i. R_{iν} are (|X_i| × (K_i + 1))-matrices. Compose a matrix R_i from matrices R_{iν} merging their columns for all ν ∈ N: R_i := (R_{i1}, R_{i2}, ..., R_{i|N |}), R_i is an (|X_i| × |N|(K_i + 1))-matrix.

Then matrix H_{ij} can be represented in the following form: H_{ij} = R_iG_{ij} R^T_j , and matrix H can be represented in the form H = RGR^T , where matrices R and G are composed of R_i and G_{ij} :

R :=

R_1

R_2 . . . R_{|I|} ,

G :=

G_{11} G_{12} . . . G_{1 |I|} . . . . . . . . . . . . G_{|I| 1} G_{|I| 2} . . . G_{|I| |I|} .

R is a ( ∑ i∈I |X_i| × |N|( ∑ i∈I K_i + |I|))-matrix, and G is a square matrix of the order |N|( ∑ i∈I K_i + |I|).

Hence matrix A can be represented as a product of five matrices: A = BRGR^T B^T . The rank of A is not greater than the minimal rank of these matrices. Therefore the rank of A is significantly lower than its order. The order of A is n∏ i=1 ( K_i + |N| − 1 |N| − 1 ) , and the rank of A is less than or equal to the rank of matrix G, that is, rank A ≤ |N|( ∑ i∈I K_i + |I|). 3. METHODS FOR FINDING A NASH EQUILIBRIUM

We should find a solution of a matrix game with an (m × m)-matrix A, where m = n∏ i=1 ( K_i + |N| − 1 |N| − 1 ) , and A = BRGR^T B^T .

The value of the game is 0, therefore the game is equivalent to the following feasibility problem: Ay ≤ 0, y ∈ S_m, (7) where S_m is a simplex

S_m = {y ∈ E^m : m∑ j=1 y_j = 1, y_j ≥ 0}. The solution of problem (7) is an optimal strategy for the second player in Δ. By theorem 2.3, s = B^T y = (s_i), i ∈ I, is a Nash equilibrium in game Γ. Therefore the problem of finding a Nash equilibrium can be reformulated as follows: BRGR^T s ≤ 0, ∑ xi∈Xi si(x i) = 1, s_i ≥ 0, for i ∈ I. (8) We develop a method for the solution of (8) which allows parallel computations. The method operates with arrays and matrices of the size which is not greater than μ := |N|( ∑ i∈I K_i + |I|), the order of matrix G. We suppose that μ is a relatively small number, that is, we can store vectors and matrices of order μ.

Define sets Ω_i, for i ∈ I, as Ω_i = {z_i ∈ E^{|N |(Ki+1)} : z_i = R^T_i s_i, ∑ xi∈Xi s_i(x_i) = 1, s_i ≥ 0}.

Then, taking into consideration the structure of matrices B, G and R, problem (8) can be rewritten as ∑ i∈I B_iR_i ∑ j∈I G_{ij} z_j ≤ 0, z_i ∈ Ω_i, for i ∈ I. (9)

Since Ω_i are polyhedra, they can be represented as a finite intersection of half-spaces. This means that there exist matrices Q_i and vectors q_i such that Ω_i = {z_i ∈ E^{|N |(Ki+1)} : Q_iz_i ≤ q_i}. Denoting ∑ i∈I B_iR_iG_{ij} by P_j , we rewrite (9) in the following form: ∑ j∈I P_jz_j ≤ 0, Q_iz_i ≤ q_i, for i ∈ I. (10)

Thus, the process of obtaining a Nash equilibrium consists of the following stages: 1. Calculation of z_i, i ∈ I, from system (10). 2. Calculation of a Nash equilibrium s = (s_i) from systems

z_i = R^T_i s_i, ∑ xi∈Xi s_i(x_i) = 1, s_i ≥ 0.

But first of all we fix the representation of Ω_i as the intersection of half-spaces because such representation is not unique.

3.1. Representation of Ω_i

Consider a polyhedron in E^{p+1}, where p := |N|(K_i + 1), consisting of vectors (π, ρ) (π is a p-vector, and ρ is a number) satisfying the following conditions: R_iπ + ρe ≤ 0 −1 ≤ π_j ≤ 1 (j = 1, 2, . . . , p). (11)

Here e is an |X_i|-vector of ones.

Let {(π_k, ρ_k), k ∈ K} be a (finite) set of all extreme points of this polyhedron. Define Q_i as a (|K| × p)-matrix whose k-th row is π_k, and q_i as a |K|-vector with q_i[k] := −ρ_k. Show that Ω_i can be represented by the system of inequalities Q_iz ≤ q_i.

Theorem 3.1 Ω_i = {z ∈ E^{|N |(Ki+1)} : Q_iz ≤ q_i}.

Proof. Take z ∈ Ω_i and show that Q_iz ≤ q_i.

Consider the linear programming problem:

max (⟨π, z⟩ + ρ) (12)

subject to conditions (11).

The dual problem to (12) is min ∑p j=1(ω^+_j + ω^−_j ) R^T_i s_i + ω^+ − ω^− = z ∑ xi∈Xi si(xi) = 1, s_i, ω^+, ω^− ≥ 0. (13)

Since z ∈ Ω_i, the minimal value of the target function in (13) is zero. Therefore the maximal value in (12) is also zero, that is,

⟨π_k, z⟩ + ρ_k ≤ 0, for all k ∈ K.

This means that Q_iz ≤ q_i.

Take now z satisfying Q_iz ≤ q_i and show that z ∈ Ω_i.

Suppose z ¯∈Ω_i. Then the minimal value of the target function in (13) is positive. Hence the maximal value in (12) is also positive, that is, there exists an extreme point (π_k, ρ_k) such that ⟨π_k, z⟩ + ρ_k > 0. This means that z does not satisfy conditions Q_iz ≤ q_i.

3.2. Solution of system (10)

System (10) is a system of linear inequalities with a huge number of constraints: the first group of them ∑ j∈I P_jz_j ≤ 0 has m = |X| inequalities, and the number of inequalities in other groups is equal to the number of extreme points in the polyhedra described in section 3.1. However, the number of variables in (10) is relatively small, it is equal to μ = |N|( ∑ i∈I K_i + |I|). We consider two approaches to the solution of (10). The first is the simplex method with the column generation technique (see [5,6]). In this method, we have a current basic solution z_i, i ∈ I, together with the current basis, i.e. a set of no more than μ constraints of (10) which are satisfied as equalities for the current z_i. The next steps are to find the most violated restriction in (10), introduce it into the basis, define the basic constraint to be removed from the basis and recalculate z_i according to the new basis. The process stops if for the current z_i all conditions (10) are satisfied.

The other approach is the row action method (see [7]). In this method, we have a current approximation z^k_i for the solution of (10). Then we find the most violated restriction in (10) for z^k_i and define the next approximation z^{k+1}_i as the projection (orthogonal or nonorthogonal) of z^k_i onto the corresponding hyperplane. The sequence z^k_i converges to the solution of (10) (see [8]).

The common part of both approaches is the following problem: for given z_i, i ∈ I, find the most violated restriction in (10). We concentrate on this problem because other actions (projections onto a hyperplane and reconstructions of a basis in the simplex method) are performed as usual and operate with vectors and matrices with the order no more than μ. Let us consider a method for determining the most violated restriction for the first group: ∑ j∈I P_j z_j ≤ 0. (14)

Denote v_i := ∑ j∈I G_{ij} z_j, v_i can be calculated easily because z_j are known vectors. Since P_j = ∑ i∈I B_iR_iG_{ij} , we need to find the maximal element in the vector ∑ i∈I B_iR_iv_i.

We may search for the maximal element in B_iR_iv_i separately for each i. Indeed, let x_i be a pure strategy for the i-th player in Γ which corresponds to the maximal element of B_iR_iv_i. Then the row of B corresponding to x ∈ X, where x = (x_i), i ∈ I, is the row with the maximal element of ∑ i∈I B_iR_iv_i. Matrix B_i contains one unity in each row, so the product of a row of B_i by R_i is a row of R_i, that is, an (|N|(K_i + 1))-vector containing |N| blocks with one unity in each block. The row corresponds to some pure strategy for the i-th player, namely, to the strategy x_i = (x_{iν}) such that a unity in block ν ∈ N is on the position x_{iν} (positions are numbered from 0 to K_i).

Vector v_i is also an (|N|(K_i + 1))-vector, its components also regarded as divided into |N| blocks with (K_i + 1) elements in each block. Let the element in block ν at position x_ν be denoted by v_{iν}[x_ν].

Hence the maximal element in B_iR_iv_i can be calculated from the following problem: max ∑ ν∈N v_{iν}[x_ν] (15)

subject to conditions ∑ ν∈N x_ν = K_i, x_ν are integer and non-negative. (16)

This problem can be solved by the dynamic programming technique. The solution of this problem defines x_i a pure strategy for the i-th player. The set (x_i), i ∈ I, corresponds to the most violated constraint in (14).

Problems (15)-(16) can be solved in parallel, for each i.

Consider now how to define the most violated restriction for the system

Q_iz_i ≤ q_i, (17)

where z_i is a given (|N|(K_i + 1))-vector, and Q_i and q_i are defined as in section 3.1. According to the representation of Ω_i, we need to find a p-vector π and a number ρ which form the solution of the linear programming problem:

max (⟨π, z⟩ + ρ) (18)

subject to conditions (11).

If the maximal value in (18) is positive, then the solution of this problem is an extreme point of polyhedron (11) corresponding to the most violated restriction in (17), otherwise conditions (17) are satisfied.

We solve (18) together with its dual problem (13) by the simplex method with the column generation technique. The number of constraints in (13) is p + 1, it is less than μ, so we can store and operate vectors and matrices of this order.

Let us have a feasible basic solution for (13). Corresponding dual variables π_j, 1 ≤ j ≤ p, and ρ are defined from the following conditions:

⟨R_i[x_i], π⟩ + ρ = 0, if s_i(x_i) is a basic variable, π_j = 1, if ω^+ is a basic variable, π_j = −1, if ω^− is a basic variable.

Here R_i[x_i] is a row of matrix R_i corresponding to x_i ∈ X_i.

If these π and ρ satisfy (11), then they are a solution of (18). Otherwise, we need to change the current basis and basic solution in (13).

If π_j > 1, for some j, introduce variable ω^+ into the basis. If π_j < −1, for some j, introduce variable ω^− into the basis.

Let all π_j lie between -1 and 1. Verify the conditions

R_iπ + ρe ≤ 0. (19)

Find τ := max_{xi∈Xi} ⟨R_i[x_i], π⟩ (20) and the row R_i[x^∗_i ] on which this maximum is attained. If τ + ρ ≤ 0, then conditions (19) are satisfied. Otherwise, we introduce variable s_i(x^∗_i ) into the basis in (13).

We define the variable to be removed from the basis and reconstruct the basis as in the usual simplex method. It requires processing vectors and matrices of order no more than p + 1.

The process of changing the basis is repeated till we get the solution of problem (18). At that moment, the solution of (18) (π, ρ) defines the most violated restriction in (17).

It remains to describe how to find τ and x^∗_i in (20). Row R_i[x_i] consists of |N| blocks with a unique unity in each block: block ν contains 1 at position x_{iν} (positions are numbered from 0 to K_i). The components of vector π are also regarded as divided into |N| blocks with K_i + 1 components in each block. Let π_ν[x_ν] be the component in block ν at position x_ν. Then (20) can be rewritten as

τ = max ∑ ν∈N π_ν[x_ν] (21)

subject to conditions ∑ ν∈N x_ν = K_i, x_ν are integer and non-negative.

(22)

Problem (21)-(22) is similar to problem (15)-(16), and can also be solved by the dynamic programming technique.

Note that problems (17) may be solved in parallel, for each i.

3.3. Calculation of a Nash equilibrium

After we have solved the inequality system (10) and obtained its solution z_i, i ∈ I, we can calculate mixed strategies s_i forming a Nash equilibrium. We can obtain them as a solution of linear programming problems (13) with z = z_i, for all i ∈ I. A method for the solution of these problems is described in the previous section. Note that although s_i has |X_i| components, the basic solution of (13) has no more than |N|(K_i + 1) + 1 non-zero components, so we obtain a Nash equilibrium with a relative small number of non-zero components by the described method.

In fact, we need not solve problems (13) as a separate stage because we have already obtained their solution while we verified inequalities (17) for the last time.

REFERENCES

1. M. Hall, Combinatorial Theory. (Blaisdell Publishing Company, Waltham (Massachusetts), Toronto, London, 1967).

2. J. W. Tukey, A Problem of Strategy, Econometrica 17 (1949) 73. 3. D. W. Blackett, Pure Strategy Solutions to Blotto Games, Naval Research Logistics Quarterly 5 (1958) 107–109.

4. L. M. Bregman and I. N. Fokin, On Separable Non-cooperative Zero-sum Games, Optimization 44 (1998) 69-84.

5. L. V. Kantorovich and J. V. Romanovskij, The Column Generation in the Simplexmethod, Economics and Mathematical Methods , 21, (1985) 128-138 (Russian).

6. L. S. Lasdon, Optimization Theory for Large Systems (MacMillan, New York, 1970). 7. Y. Censor and S. A. Zenios, Parallel Optimization: Theory, Algorithms and Applications. (Oxford University Press, New York, 1997).

8. L. M. Bregman, The relaxation method of finding the common point of convex sets and its application to the solution of problems in convex programming, USSR Computational Mathematics and Mathematical Physics 7, (1967) 200–217.