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Overview

« Complex polylogarithms are interesting
functions satisfying many functional
equations

 Finite polylogarithms are certain polynomials
that experimentally satisfy functional
equations similar to those coming from
derivatives of complex polylogarithms.

« The functional equations for the finite polylog
can be derived from those of the complex
polylog using the p-adic polylog.
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......................................

Lin(z) = 3oy 24/K"
Example: Li1(z) = —log(1—z)
Can be continued to a multi-valued function.

Satisfies the differential equation

%Lin(z) = %Lin_l(Z) (1)
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: The BIocthgner ........... / e
. Ramakrishnan function :

A single valued real valued version of Lip:

n—1 2kBk

Dn(z)Rn( e log¥|z| Lin_k(z ))

k=0

Bk are the Bernoulli numbers:
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and
Re 2|n
Im 21N

. Example:

D(z) = D2(z) = Im(Liz(z) +log(1—z)log|z|)
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. Functional equations 4 §
- Dj satisfy many functional equations '

Example: log(xy) = log(x) + log(y)

Example: The 5-term relation:

1-X 1—vy
1—Xy) | D(l Xy)—|_D(1—Xy

D(x)+D(y)+D(

) =0

and many others.
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Functional equations of polylogarithms are very
mysterious and are supposed to reflect very deep
number theoretic facts.
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- Finite polylogarithms 4 §
. lin(z) € Z/p|z] defined (Elbaz-Vincent and Gangl) :
by

lin(z) Z zk/k”

Kontsevich introduced li1, proved that it satisfied
the 4-term relation

X —X

1—y) Fylig(— y )
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lig(x+y) =lit(y) + (1 —=y)lig(



and noticed that the same equation is satisfied
by the (real valued) function

DL2(x) :=xlog(x) +(1—x)log(1—x) :X(l—x)%Dz(x)

The functional equation is known as the
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Elbaz-Vincent and Gangl discovered similar
relation between li>(z) and DL3(X).

Kontsevich conjectured that these relations can
be explained using the p-adic polylogarithm.
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......................................

tion
Coleman (82) developed a way of solving
equations like (1) p-adically.

4,1,

dz’ ~ 7°

What is the problem and what is the solution?

Example: How to solve
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On |z—a| <1,

a| = 1 the solution is
Z

log(z) = log(a(1- (0() 1))

= log(a) +1og(1+ (é) 1)

= log(a) — i (1-g)

=t n

11—1z/a| < 1 so this series converges p-adically.
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But what is log(a)? All we can really say is that
the solution is

Z\N

00 1_ £
C— Z ( a
n=1 n
For some constant C and there is a different con-
stant for each circle.
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...............................................

Coleman’s solution - contirnué-
tion along Frobenius

We ask for “Frobenius equivariance” of the
Integral.

In the example this means: Since

d(zP)  dz
Py

We should expect y(zP) = py(z).

If aP = a this implies y(a) = 0. This suffices to
determiney.
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. p-adic polylogarithms 4 §

: Using this method Coleman defines :
Lin(z) : Qp— Qp

There exist functional equations.

Example:

D>(z) = Lix(2) + % log(z) log(1—z)

D», also satisfied the 5-term relation.
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Wojtkoviac’s general principle: Each functional
equation of complex D, gives the same equation
for p-adic Dp.
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The main theorem

Define

n—-1, q\m
Ln(z) = Z ( nil-')

=0

Lin_m(z)log™(z)

Fn(z) = —nLn(2) — Ln_1(2) log(z)

and

DF\(z) =z(1— z)%Fn(z)



X={z€Zp: |7|=]2-1 =1}
Theorem (B.) for every p > n—+1,

DF(X) C p"1Zp
and forz € X

p1 DR (2) =lin_1(z) (mod p)
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Distributions and measures

Definition: a distribution on Zy Is a finite additive
measure [ from the collection of subsets of the
form a+ p"Zp to Qp.

To define it suffices to define p(a+ p"Zp) s.t.,

pa+p"Zp)= Y ub+p™Zp)
b=a (mod p")

A distribution 1S a measure If its set of values Is
bounded.
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...............................................

Integration with respect to¥a
measure

If U IS a measure one can define an integral

f(x)du(x), f:Zp,— Qpcontinuous
Zp

Example: z € Qp such that zP" # 1.

Za

Define: uz(a+ p"Zp) = T
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This 1s a distribution:

pil Za+kp“ 78 pil( p“)k
= 7
n+1 n+1
Eol—12F 1-7P"" &,
78 1—zP™ 78

1_an—|—1. 1_an N 1_an

° °
[ ] [ ]
[ ] [ ]
[ ] [ ]
[ ] [ ]
L4 °
° °
®o 0606 06 06 06 06 06 06/  Nh o6 06 06 6 06 06 06 06 06 06 06 06 06 06 06 06 06 06 06 06 06 06 06 06 06 06 06 06 06 06 06 06 0 06 0 0 0°

Finite and p-adic polylogarithms — p.22/24



...............................................

The réelation with the p-
. polylogarithm

Let Lit? (2) := Lin(z) — Lin(zP)/p".
Notice:
zk - zpk

RMs

Theorem (Coleman) if |z— 1| > 1, then

LitP (2) = /Xx_”duz(x).



This implies that Liﬁp)(z) IS congruent modulo p to

p—1 i p—1 ) /8
a._ uz(a_|_ pr) — a._ .
azl azl 1-2P

From knowing Li” we get Li, at a s.t. aP = a.
The rest is computation.
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