Mahler measures, complex and
p-adic
Joint work with Christopher Deninger from the

University of Munster.
Crelle’s journal 517 (1999)

Amnon Besser

Ben-Gurion University of the Negev

Mahler measures, complex and p-adic — p.1/38



Contents

 Definition of the complex Mahler measure
e \arious occurrences in mathematics

» Rodriguez-Villegas’s work on variation of Mahler
measures

 Evidence for relations with special values of
L-functions

» Deninger’s interpretation in terms of regulators
 p-adic analogues

Mahler measures, complex and p-adic — p.2/38



Definition of Mahler’s measure
For a Laurent polynomial

P(z1,29,... ,2,) = Za]zil e Cla, ..., 2T

The Mahler measure of P Is given by

d dzy,
m(P) = (27m')_”/ log |P(21, - - ,zn)]ﬁ L. 2

whereT={2eC: |z| =1}
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Change of variables —

1 1
m(P):/O /O log |[P(e2™1 ... 2mi0n)|dg, - - - d6,
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Casen =1

~ P
1 (Z) - ~ordo(P)

m(P) = 5 [ log|P(:)| S~ log [ PO) = Y log

271
0<|bl<1
P(b)=0

Jensen’s formula
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History - Lehmer’s work

Case n = 1 - Lehmer (Annals of Math. 1933).
Motivation - Finding large prime numbers:

Suppose P(z) = | [(z — o) € Z[x], |o| # 1.
Set A, (P) = [(a} —1) € Z
Example: P(x) = x — 2,

A, (P) = 2" — 1 (Mersenne primes)
Measure for growth of A,,(P):

. An—l—l(P) .
7}1—{20 An(P) I HmaX{L ‘Oé’&‘}

= M(P) := exp(m(P)) .
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Slower growth implies a larger chance for finding
primes.
Lehmer’s best example:

Glz)=z" 42" —2"—2° —z°—2* —2°+ 2+ 1,

M(G)=1.176...
This is still the smallest value > 1 known today
Lehmer’s conjecture: 0 Is not an accumulation point

for Mahler measures of integral polynomials in one
variable.
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History - Mahler’s work

Mabhler (1960°s) compared m (P) with other

measures on polynomials, e.g., L' and L> norms, and
also provided the integral formula.

Account of history and elementary properties:
Everest and Ward, Height of Polynomials and Entropy

In Algebraic Dynamics, Springer (1999)
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Ties with Dynamical systems

To P € Z[z,. .. , 2] we associate

Xp = Hom(Z[z", ... ,27]/P,T)

Xp hasaZ"-action: (k,... ,k,) acts via
multiplication by 2/ . . . zF».

Example: P(z) = ag2” + -+ - ag € Z[2].

Xp = {(il?k) c T” . apzr + a12pe1 + -+ agzpaqg = 0,
all £}

Z-action via shift.
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Ties with Dynamical systems

Theorem (Lind, Schmidt and Ward 1990) The
topological entropy of Xp is exactly m(P).

Recall Topological Entropy

X - compact topological space.

T : X — X -continuous map.

U - open cover of X.

N(U) = min{|V| : Vis asubcover of I/}.
Uvy ={UnVv: Uel, V eV} -joinof U and
V.

Definition: The topological entropy of 7' is

|
sup lim —log NUNV T UV ---V T_("_I)Z/l) .

U n—oo 1)
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Theorem (Lind, Schmidt, Ward 1990) The set of all
possible entropies of Z™-actions via automorphisms

on compact groups is either [0, oo| or equal to the set
of Mahler measures of polynomials in n variables,
depending on Lehmer’s conjecture.
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Essential spanning forests

[' - graph with vertex set Z", invariant under shifts.
k(y) - number of edges connecting y and 0.

D - number of edges coming out of a vertex (assumed
finite).

P(z1,...2n) =D — > k(y)2Y.

Definition: An essential spanning forest is a subgraph
on all the vertices, with no cycles and having only
Infinite connected components.

The essential spanning forest dynamical system:

X - set of all essential spanning forests.

Z."-action - via shifts.

Theorem (Burton & Pemantle 1993, Solomyak 1998)
The entropy of X is m(P).
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Variation of Mahler measures

Rodriguez-Villegas 1998
Consider P(z,y) € Clz™, y*].
Set P.(z,y) =k — P(x,y), A\ =
P, =3(1—A\P)

dx dy
LY

m(P) = (2ri) ™ [ 1og |5 (1= AP(. )|
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L dTdy (2mi)? ifk=m =0
g —— = .
T2 r 0 otherwise,
so m(FP;) = Rem(\)
M(\) = —log A — f: n \n
= 1 |

where a,, is the constant coefficient of P(x,y)".
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1. Then

Set a

dx dy

|
» 1 — AP(x,y) vy

).

d for the family of curves

(271

.9
g ap\" =
n=0

IS IS a PErio

Th

Z LT
i e
e ————— |
i L
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It satisfies a differential equation with algebraic
coefficients, the Picard-Fuchs equation.

o0 2
In the example: ug(A) = Z <2n> A"

n
n=0

Under substitution \* = 1 we get the equation
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L-functions

Arithmetic Geometric objects X — L-function
L(X,s):{seC: Res>a} — C.
Examples:

 a Dirichlet character Is a function y : Z — C,

multiplicative, periodic of period NV (/V Is called
the conductor of )

Ly, s) = Z x(n) |

ns
n=1

E.g., If Y = 1 we get Riemann’s zeta function.
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It IS easy to see that

Lix.s)= || (1—xpp)

p prime

—1
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L-functions of elliptic curves

» For an elliptic curve y?> = 23 + az + b with
a,b € 7, set

a, = p + 1—number of solutions of
y* = 2° 4+ ax + b modulo p

L(E,s) = H (1—app™* +p_28)_1

p prime

Tanlyama-Shimura conjecture (implies Fermat)
says L(F, s) has analytic continuation to all of C.
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Mahler and L-functions

et v3 be the Dirichlet character of conductor 3 with

x3(1) = land x3(2) = —1.
Theorem (Smyth 1981)

3v/3
m(l+z+y)=——L(xs2),
7

Theorem (Schmidt)

(o + ) +3) = 21og(3) + L2L(xa,2)
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Deninger’s Explanation

consider X an algebraic variety over Q.

This roughly means: X is a set in C" defined by
polynomial equations and inequations with
coefficients In Q.

K, (X) - algebraic K-theory groups of X =7
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Beilinson’s “regulator”

rp - K (X) — Ho(X,R(2i —n)) .

We are Interested In the case:
dim X = n,
rp @ K1 (X) — HEPH X, R(n + 1)).

In K,,.1(X) we have symbols { fo, ... , f.}, where f;
are Invertible algebraic functions on X.
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n

TD({wa-- 7fn})—z N—l— ' Z Sgn

UeSn—I—l

del dfa dfaz 1) dfo‘n
log | fro)| =22 A - - i+1) g Yol

Jo(1) fa f (i+1) Tellw)
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Suppose P does not vanish on T". Let
X =(C-{0p)"
—{(21,...,2,) €C": P(z,...,2,) =0}

Then T" C X. The functions z4, ... , z,, P are Invert-
ible on X, hence {z,... ,2,, P} € K,,11(X)
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Deninger’s theorem 1997
Note that on T

* log|z;| =0,
1 dZZ' dZZ
= ZZ_—SOT:——.

Theorem (Deninger 1997)

/n rp({P, 21, ... ,2,}) = (2m1)"m(P)
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A better formula is obtained as follows:

Z =(C-{0}H)"—-X

A=7ZNT"1 x{|z,| <1}.

{z1,... ,2,} € K, (Z).

P*(Zl, ce Zn—l) = P(Zl, e oo 9y Rn—1, O)

Theorem (Deninger 1997) Under certain assumptions

) —me) = () [t mh)
@)
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Beilinson’s conjecture

Beilinson’s conjecture: “A determinant with entries
like (1) 1s related to a special value of an L-function”
Consequence: If

e {2,...,2,} extends to a “compactification” Y’
of Z,

» The determinant happens to be 1 x 1,

Then we get a relation with the L-function of Y.
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p-adic Mahler measures

 Analogue of Beilinson regulator = Syntomic
regulator (Fontaine, Messing, Gros, Niziot, B.)

 Analogue of integration on the complex torus =
One of

» Multidimensional Shnirelman integration;

* Integration on the complex torus imported via
the theory of p-adic periods
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p-adic numbers

Q, = completion of Q with respect to the absolute
value

]pnglp —p " r,sprimetop

C, = completion of the algebraic closure of Q,.
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Shnirelman integration
={re€Cy: |z, =1}

[T — G,
Definition of Shnirelman’s integral:
dzq dz,
fz)—=..—— = }Vlglo—Zf
Tn <1 n (N,p)=1 ceum
Similarity with usual integration:
 Looks like Riemann sums;
 Residue theorem:
i . dzy  dz,
— s o o P = e = QA -
fe) =3 ot SO =
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p-adic Mahler measure |

Assume P € C,[z1", ... , z;| does not vanish on T7

dz1 dzn

<1 n

() = | tog, P)

log, : C, — C, = p-adic version of the logarithm.
Forn =1

my(P) =log, P(0) — »  log,b
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p-adic L-functions

They are p-adic functions interpolating special values
of complex L-functions.

Example: Kubota-Leopoldt p-adic L-function -
Interpolating special values of Riemann’s (:

k)=

. L . Bk k
B;. - Bernoulli numbers, = Z ot
Set ("(s) = (1 —p°)¢(s).

Kummer congruences:

ki=kys (mod (p—1)p") =
C"(1 = k1) = ¢"(1 — ky)  (mod p"*)
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Consequence: EXxistence of p-adic L-function L,
It satisfies for example: L,(1 —n) = ¢*(1 —n) If
p — 1|n.
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Importing the complex torus to the p-adic world.
For X a variety over Q:

H;(X(C),Q) — H{(X,Q,) — H"(X/Q) ® Bur

Bar = “field of p-adic periods”- a mysterious field
containing C,,.
These maps depend on ¢ - a choice of embeddings

C—Q—C,

Mahler measures, complex and p-adic — p.35/38



SoT" € H;(X(C),Q) is “imported” to the p-adic
world.

T" ¢ H*(X/Q) ® Byg
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p-adic Mahler 11

X = (&'~ {0})"
—{(21,...,2,) : P(21,...,2,) =0}
Syntomic regulator:
TamiP 21, ..., 2n} € Hip(X/Q) ® Q,
Definition The (p, o)-Mahler measure of P is

(Tsyn{ Py 21y« 20}, T) € Byg
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Forn =1

myo(P) = logp Z log,, b

0<|bloo<1
P(b)=0

In some cases we can tie this to special values of p-adic
L-functions.
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