Midterm

Mark the correct answer in each part of the following questions.

1. A player draws cards without replacement from a full deck of 52
cards until the queen of hearts is obtained. Let X denote the total
number of cards drawn in the process and Y the number of princes
drawn in the process.

After the first stage of the experiment is finished, we roll X dice. Let
Z be the number of dice showing 6.
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(v) None of the above.
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(v) None of the above.
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(d) Now suppose that we repeat the first part of the experiment (542) 48
times. Let N be the number of experiments finished after five
steps, where first all four princes are drawn (in any order) and
then the queen of hearts is drawn. Then P(N =5) ~
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V) None of the above.

2. In an infinite experiment, we first toss one coin, then two (other) coins,
then three (other) coins, and so forth. Let X,, be the number of coins
showing H at the n-th stage, 1 < n < co. Define:

Yy, — { 0, X, is even,

1, X, is odd.

(a) For every sufficiently large n,
(i) Fy,(0) =1/2.
(i) Fy,(0) > 1/2.
(iii) Fy,(0) > 1/2 if n is even and Fy, (0) < 1/2 if n is odd.
(iv) Fy,(0) > 1/2 if n is odd and Fy, (0) < 1/2 if n is even.
(v) None of the above.



(b) The probability that X,, < n — 2 for every n > 3 is

(i) larger than 1/2.

(ii) exactly 1/2.

(iii) less than 1/2 but strictly positive.
(iv) 0.

(v) None of the above.

(c) Suppose now that we change the experiment by adding a gold
coin, as follows. At each stage n, we toss the n regular coins as
above, as well as the gold coin. The experiment is stopped at the
first stage in which the gold coin shows H. Let Z be the number of
coins that showed T at the last stage and W the number of stages.
(For example, if in the first 99 stages, the gold coin showed T, and
in the 100-th stage it showed H, 25 of the regular coins showed T
and the other 75 showed H, then Z = 25 and W = 100.) Then
P(Z=1)=

(v) None of the above.
(d) Still under the scenario of part (c), we have P(W =1|Z =0) =

3. An urn contains 100 white balls and 200 black balls. We draw out
of the urn 40 balls without replacement. Let W, be the number of
white balls among the first 20 and W5 the number of white balls among
the next 20.



i) Both W; and W, are hypergeometrically distributed.

(

(ii) W1 is hypergeometric, while W5 is binomial.

(iii) Wi is hypergeometric, while W5 is negative binomial.
(

iv) Wy is hypergeometric, while the distribution of W5 does not
belong to any of the special families introduced in class.
(v) None of the above.
(b) Let A be the event whereby the second ball drawn out of the urn
is white and B the event whereby the fourth ball is such. Then
(i) A and B are disjoint.
(ii) A and B are non-disjoint, but they are independent.
(iii) P(A|B) > P(A).
(iv) P(A|B) < P(A).
(v) None of the above.

(c) Consider the same experiment, with the following change. We add
to the 300 balls in the urn a single red ball. Let W] be the number
of white balls among the first 20 in the revised experiment.

(i) P(W| = k) = P(W; = k) for every 0 < k < 20.
(ii) P(W| = k) < P(Wy, = k) for every 0 < k < 20.
(i) P(W{ = k) > P(W, = k) for every 0 < k < 20.
(iv) P(W| = k) < P(W; = k) for some values of k between 0

and 20 while P(W| = k) > P(W; = k) for some other values
of k.

(v) None of the above.
(d) Suppose now that we repeat the whole original experiment (with-

out the red ball) until the first 20 balls are white and the next
20 balls are black. Let X be the number of repetitions. The
distribution of X is

(i) Binomial.

(ii) Hypergeometric.

(iii) Geometric.

(iv) Very close to a Poisson distribution.

(v) None of the above.



1.

Solutions

(a) Due to symmetry, the order in which the four princes and the

Queen of Hearts are drawn, while disregarding the other 47 cards,
is equally likely to be any of the 5! possible orders. Specifically,
the probability that the queen is the first, second, third, fourth,
or fifth card in this sequence is 1/5 for each position.

Thus, (ii) is true.

(b) The event {Y = X — 1} occurs if and only if the only cards drawn

before the queen of hearts, if any, are princes. Hence this event
is the disjoint union of the five events A4;,0 < k < 4, where Ay
is the event that the first k& cards are princes and the (k + 1)-
st is the queen of hearts. Now Ay = By [)C, where By is the
event whereby the first k£ drawings are of princes and C} the event
whereby the (k + 1)-st is the queen of hearts. Hence:

P(Ag) = P(Bi)P(Cy|By) = % ' 52%]{

Thus, (iv) is true.

The sample space €2 is the disjoint union of the 52 events @,
where (), is the event that the queen of hearts is the k-th card to
be drawn. By symmetry, all Q¢-s have the same probability 1/52.
Under @, the probability that Z = 0 is (5/6)*. Consequently, by
Bayes’ formula:
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P(X =52|Z =0) =

After simplification, we obtain:

P(X =527 =0) = (1(3/2/6)52).

Thus, (iv) is true.

(d) The event that the first four cards are princes and the fifth is the

queen of hearts is just the event A4 from part (b). According to



the calculations there, we have

@1
P(Aq) = () 52-4 (7).48

4 4

It follows that N ~ B(m,1/m), where m = (°’) - 48. By the
Poissonian approximation, N is approximately P(1)-distributed.

Thus, (ii) is true.

(a) We have seen in class that X, is even or odd with probability 1/2
each. In other words,

P(Y,=0)=P(Y,=1)=1/2.
Thus, (i) is true.

(b) We have:

n+1
on

P(X,<n—-2)=1-P(X,=n)—-PXy=n—-1)=1-—

Hence the probability in question is

o0

p=TJ0 -+ 1)/2.

n=3

All factors on the right-hand side are less than 1, and the first is
1/2, so that p < 1/2. On the other hand, since

in;l < 0,
n=3

and none of the factors vanish, the product above is non-zero.

Thus, (iii) is true.



(c) Let A, be the event that the gold coin showed H at the n-th trial,
1 < n < oco. By the law of total probability:

P(Z=1) = 3, P(A)P(Z = 1|4,)
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4
= 5
Thus, (iii) is true.
(d) We have
1 1 1
P(W:1,Z:O):P(W:1)P(Z:0|W:1):5.52_
and
o 1 1
- Zn:l 2_77“ ’ 2_77,
o 1
= Zn:14_n
1
= 3
Therefore:

P(W =1|Z=0) = Pm;(:ZI’IZO): 0 _ z.

Thus, (i) is true.



(a) For every k between 0 and 20, the number of possibilities of draw-
ing 40 balls, such that W; = k, is the same as the number of
possibilities for which W5 = k. Hence both variables are identi-
cally distributed.

Thus, only (i) is true.

(b) Under B, there are 299 possibilities for the second ball, in 99 of
which it is black and in the other 200 — white. Hence:

1
p(A|B) = 2 10

—= = P(A).
299 = 300

Thus, (iv) is true.

(c) Intuitively, when the red ball is added, we may expect less white
balls to be drawn, so that, for example, P(W; = 0) < P(W] = 0).
Indeed, more formally,

PW, =0) = ( 0(:20&)20) - E?,zooog
and 100 (201 201
PW] =0) = ( 0(30(1)20) = E32001;'

A routine calculation yields:

P(W{=0) 201281 -
P(W, =0) 181-301

Since the sum of all probabilities, as k£ ranges from 0 to 20, is 1,
we have values of k£ for which the direction of the inequality is
reversed.

Thus, (iv) is true.
(d) Defining as a success the event whereby all balls are white, X is the

number of trials until the first success in a sequence of independent
trials with two possible outcomes — success and failure.

Thus, (iii) is true.



