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1. Basics

Lecture 1, 17 Oct 2018

Before starting with the actual material, lets us go quickly over some basic ideas that we
will need. I hope all these are familiar to all students; if not, then we will have to see how
to close the gaps.

The first few weeks will be on geometry in general, but from the point of view of locally
ringed spaces.

Everybody needs to know a sufficient amount of elementary topology. Some algebraic
topology will be required (homology, cohomology and fundamental groups).

Categories, functors and natural transformations will be used a lot. I am assuming that
all students have already been exposed to these notions. For instance, all should understand
this statement:

e Let Top, and Grp be the categories of pointed topological spaces and of groups,
respectively. The fundamental group is a functor

my : Top, — Grp.

If not, then we will have to see how to close this gap. (Maybe go over material from [Ye3].)

Differential geometry will serve as an introductory model for locally ringed spaces. (A
preparation for the more complicated schemes.) Everybody should have some knowledge
on this topic (C* manifolds and maps between them, tangent bundles, etc.) Knowledge of
complex analytic geometry will be very useful.

2. SHEAVES oF FuNcTioNs oN TOPOLOGICAL SPACES

Consider a topological space X. We do not make any conditions on X, especially we
don’t assume X is Hausdorff. But at first you can pretend, to help intuition, that X is a
topological subspace of R" (with its usual topology).

Given an open subset U C X, consider the continous functions

f:U—->R.

Let us denote this set of functions by I'(U, Ox).

1 N

™

We know that I'(U, Ox) is a commutative R-ring.
Let V € U be a smaller open set. We get a continous function

flv:V->R
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IR

The opration f +— f|y is a ring homomorphism
resty,y : I'(U, Ox) — I'(V, Ox).
If W C V is another smaller open set, then of course

(fWlw = flw.

We see that the restriction homomorphisms satisfy
resty v oresty,y = resty,y : [(U, Ox) — I(W, Ox).

This means that Ox is a presheaf of R-rings on X.

Here is a categorical interpretation of this statement. Let Rng /R be the category of
commutative R-rings.

Let Open(X) be the category of open sets of X, where the morphisms are inclusions.
Thus if V C U then there is one arrow V — U; and if V ¢ U then there are no arrows
V — U. The presheaf Oy is a functor

I'(-, Ox) : Open(X)®® — Rng,/R.

But in fact much more is true.
Suppose U C X is an open set, and we are given an open covering

U:Uw

iel
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Let f,g e (U, Ox), i.e.

f,g:U—>R,

and assume that

flv. = glv;

for all i.

Then of course f = g.
Now assume that we are given

fi €T(V;, Ox)

such that
.ﬁ |Vi nV_,— = f}'ViﬂVj
foralli,j.
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Because the various f; agree on double intersections, there is a function
f:U—->R
such that
flu; = fi-
Of course this function f is unique (by the previous discussion). But also f is continous.
This is because continuity is a local property, and on each of the open sets U; we know that

f is continous.
Thus

feT(U,Ox).
Let us summarize these two further properties of Oy :

(a) Let U C X be an open set, let U = | J;¢; V; an open covering, and let
/.8 €I'(U,Ox)
be such that fl|y, = gly, foralli. Then f = g.
(b) Let U € X be an open set, let U = (J;<; V; be an open covering, and let
fi € T(V;, Ox)
be such that
filviav; = filviev;
for all i, j. Then there exists
fel(U,0x)

such that f|y, = f; for all i.

These are the sheaf axioms. They tell us that Ox is a sheaf of rings on X.
Because rings have underlying abelian groups, axioms (a) and (b) can be stated in terms
of exact sequences.

() For every open set U C X and every open covering U = | J;¢; V; the sequence of
abelian groups

0_ <l
0—T(W.0x0) 5[] TV, 0x) = [] TV 0 Ve, 0x)
iel J.kel

is exact.
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Here p is the product on all i € I of the restriction homomorphisms
resty,;y : T'(U, Ox) — I'(V;, Ox).

The homomorphism §' is the product on all i = j € I of the product on all k € I of
resty; av, /v, I'(V;,0x) — I'(V; n Vi, Ox).

And the homomorphism ¢° is the product on all i = k € I of the product on all j € I of of
resty, v v, : TV, Ox) = T(V; N Vi, Ox).

Exercise 2.1. Prove that condition () is equivalent to condition ((a) and (b)).

The next exercise gives a variation of what we did above.

Exercise 2.2. Let X be a differentiable manifold (of type C*). For every open set U € X
let I'(U, Ox) be the set of differentiable functions f : U — R.
Prove that the assignment
U F(U s @) X)

is a sheaf of R-rings on X. The sheaf Oy is called the sheaf of differentiable functions on
X.

Exercise 2.3. If you know about real or complex analytic manifolds, state and prove the
corresponding analogue of Exercise 2.2]

Exercise 2.4. This exercise is for those who know the algebraic geometry of varieties. Let
K be an algebraically closed field, and let X be an algebraic variety over K. For every
(Zariski) open set U € X let I'(U, Ox) be ring of algebraic functions on U. Prove that the
assignment

U F(U . @) X)

is a sheaf of K-rings on X. The sheaf Oy is called the sheaf of algebraic functions on X.
3. SHEAVES ON TOPOLOGICAL SPACES
Until now we only saw ring valued sheaves. Here are some variations.
Definition 3.1. Let X be a topological space. A presheaf of groups on X is a functor
G : Open(X)? — Grp,
where Grp is the category of groups.

Concretely, the presheaf G is the data of a group I'(U, G) for every open set U C X,
called the group of sections of G over U, and a group homomorphism

restyy : T'(U,G) — I'(V,G)
for every inclusion V C U, such that

resty juy = resty )y oresty;uy
for every double inclusion W € V C U. And of course

resty;uy = idr(U,g)

for every U.
We often use the abbreviation
(3.2) glv :=resty;u(g) € I(V,G)

for a presheaf G, an inclusion of open sets V C U, and a section g € I'(U, G).
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Definition 3.3. Let X be a topological space. A sheaf of groups on X is a presheaf of
groups G on X that satisfies the two sheaf axioms:

(a) Let U € X be an open set, let U = | J;¢; V; be an open covering, and let g, i €
I'(U, G) be sections such that g|y, = hly, for all i. Then g = h.
(b) LetU C Xbeanopenset,letU = | J;; V; beanopencovering, andletg; € I'(V;, G)
be sections such that
gilvinv; = &jlvinv;
for all i, j. Then there exists a section g € ['(U, Ox) such that
glvi = gi

for all i.

Recall that a fopological group is a topological space G, that is also a group, such that
the operations of multiplication and inversion are continous. Namely

mult: GXG— G
and
inv:G—-G
are continous functions.
Example 3.4. Let X be a topological space and G a topological group. For every open set

U C X define
I'(U, G) := {continous functions g : U — G}.

I claim that G is a sheaf of groups on X.
That G is a presheaf is obvious. Sheaf axiom (a) is also clear, because for every point
x € U we can find some i such that x € V;, and hence we have

8(x) = glv,(x) = g'lv,(x) = g'(x).
Thus g = g’.
Axiom (b) is also easy to verify. The values g;(x) at a point x € U are equal, for alli € /
such that x € V;. So there is a function g : U — G. Because continuity is a local property,
and gly, = gi, we see that g is continous. Thus g € I'(U, G).

Exercise 3.5. Let X be a topological space. Let G := GL,,(K) for some positive integer n,
with the usual topology (by the embedding GL,,(K) C ]R"z). So G is a topological group.
Let G be the sheaf of groups on X from Example [3.4] for this choice of G. And let Ox
be the sheaf of continous real valued function on X. Prove that for every open set U C X
there is a group isomorphism
F(U’ g) = GLn(F(Us OX)),
that respects the restriction homomorphisms.

Definition 3.6. Let X be a topological space.
(1) A presheaf of abelian groups on X is a functor
G : Open(X)°? — Ab,

where Ab is the category of abelian groups.
(2) A sheaf of abelian groups on X is a presheaf of abelian groups G that satisfies the
sheaf axioms (a) and (b) from Definition[3.3]

It is not hard to see that a sheaf of abelian groups G is the same as a sheaf of groups G
such that each T'(U, G) is abelian.

Definition 3.7. Let X be a topological space.
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(1) A presheaf of commutative rings on X is a functor
A : Open(X)® — Rng,,
where Rng_ is the category of commutative rings.

(2) A sheaf of commutative rings on X is a presheaf of commutative rings A that
satisfies the sheaf axioms (a) and (b) from Definition 3.3}

If A is a sheaf of commutative rings, and we forget the multiplication of .4, then we
obtain a sheaf of abelian groups.

Example 3.8. Let X be a topological space and let A be a commutative ring. The constant
sheaf of rings on X with values in A is the sheaf Ax defined as follows. Put on A the discrete
topology. Then for every U C X open we let

I'(U, Ax) := {continous functions g : U — A}.
Exercise 3.9. Take a nonzero commutative ring A, say A := Z.. Calculate the ring I'(X, Ax)
for these choices of X :

(1) X := R with the classical topology.
(2) X := IN with the discrete topology.

4. STALKS

A directed set is a partially ordered set I such that for every i, j € I there exists some
k € I withi,j < k. We can view the directed set / as a category, with a single arrow
rij -1 — jifi < j, and no arrows otherwise.

A direct system in a category C, indexed by a directed set /, is a functor

C: 11— C, i C(l) = C,', rij = C(ri,j).
We usually denote such a direct system by {C; };¢;, leaving the r; ; implicit.

A direct limit of a direct system {C;};¢; is an object Cs, € C, together with a collection
of morphisms f; : C; — Cu, such that the diagram

¢, —r e,

is commutative for every i — j, and such that
(Coo {fi}ier)
is universal for this property. We write
limC; = Cw.
i—

The categories Grp, Ab and Rng,, have direct limits. Here is the construction:

lim; = (| | C-) ~,
im ier ! /
where ~ is the relation ¢; ~ ¢; for ¢; € C; and ¢j € C; whenever there are arrows i, j — k

such that
C(rix)(ci) = C(rjr)(c)) € Cy.

Let X be a topological space. For a point x € X let Open(X, x) be the set of open
neighborhoods of x, made into a category by inclusions. Then Open(X, x)°P is a directed
set.
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Definition 4.1. Let M be a presheaf of abelian groups on a topological space X. Let x € X
be a point. The stalk of M at x is the abelian group

M,y = }Jirn ru,m),

where the direct limit is on U € Open(X, x)°P.
Likewise for a presheaf of groups and for a sheaf of commutative rings.

skl ok x

X

K

™ (o ) 5 0, M) (7, ) - >

Exercise 4.2. With the assumptions of Exercisel, 2), calculate the stalks (Ax), for a
point x € X.
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Lecture 2, 24 Oct 2018

5. MORPHISMS OF SHEAVES

We will mostly work with sheaves of abelian groups; but things are the same for sheaves
in Rng,., Grp and Set.
First we talk about morphisms of presheaves.

Definition 5.1. Let M and N be presheaves of abelian groups on a topological space X.
A morphism of presheaves of abelian groups

o M—->N

is a collection
¢ = {F(U’ ¢)}U€Open(X)

of homomorphisms of abelian groups
rw,¢): r(U,M)—TU,N),

such that the diagrams
N(U, M) ——T(U,N)

resty ju resty ju

v, M) —2 v a)

are commutative for all inclusions V C U.

The category of presheaves of abelian groups on X us denoted by PAb X

In other words, a morphism of presheaves ¢ : M — N is a morphism of functors
(natural transformation)
(Open X)® — Ab.
Given a morphism ¢ : M — N and a point x € X, there is a group homomorphism
¢X Mx - NX

in the stalks.

We say that ¢ is injective (respect. surjective) if for every open set U the homomorphism
I'(U, ¢) is injective (respect. surjective).

Let M be a presheaf. A subpresheaf of M is a presheaf M’ such that

ru,M)cru,m)

for every U, and they have the same restriction homomorphisms. The inclusion M’ — M
is an injective morphism of presheaves.

Recall that the sheaves on X form a subset of the presheaves on X — these are presheaves
that satisfy the sheaf axioms.

Definition 5.2. Let M and A be sheaves of abelian groups on a topological space X. A
morphism of sheaves of abelian groups ¢ : M — A is just a morphism of presheaves.
Thus the category Ab X of sheaves of abelian groups on X is a full subcategory of PAb X.

Likewise for groups, rings and sets: there are full embeddings
Grp X C PGrp X,
Rng X C PRng X
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and
Set X C PSetX
of the categories of sheaves in the corresponding categories of presheaves.

It will be convenient to be a bit ambiguous sometimes - we shall talk about a morphism
of presheaves or sheaves, meaning any of the four kinds (Ab, Grp, Rng or Set). For this we
introduce the symbolic notation

ShX C PShX.
(Unless this turns out to be too confusing — then we will abolish it.)

Let ¢ : M — N be a morphism of sheaves on X. Given a point x € X there is an
induced morphism

(5.3) G : My = Ni.

Definition 5.4. Let ¢ : M — AN be a morphism of sheaves on X.
(1) We call ¢ an injective sheaf morphism if every point x the morphism ¢, is injective.
(2) Wecall ¢ a surjective sheaf morphism if every point x the morphism ¢, is surjective.
Proposition 5.5. Let ¢ : M — N be a morphism of sheaves. The following conditions are
equivalent.
(1) ¢ is an injective sheaf morphism.
(ii) ¢ is an injective presheaf morphism.
Exercise 5.6. Prove the last proposition.

A subsheaf of a sheaf M is a subpresheaf M’ C M which is itself a sheaf. The inclusion
M’ — M is an injective morphism of sheaves.
A presheaf M is called a separated presheaf if it satisfies sheaf axiom (a).

Exercise 5.7. Suppose M is a sheaf and M’ C M is a subpresheaf. Show that M’ is a
separated presheaf.

Proposition[5.5]is false for surjections! See Exercise[5.10]below. Instead we have:
Proposition 5.8. Let ¢ : M — N be a morphism of sheaves. The following conditions are
equivalent.

(i) ¢ is a surjective sheaf morphism.

(ii) For evey open set U C X and every section n € T(U, N) there is an open covering
U = U;e; Vi and sections m; € T(V;, M) such that

L(Vi, ¢)(m;) = nly,
in L(Vi, N).
Exercise 5.9. Prove this proposition.

Exercise 5.10. Find an example of a sheaf homomorphism ¢ : M — N on a space X with
this property: ¢ is a surjection of sheaves, but it is not a surjection of presheaves. (This
could be hard; we will see examples later.)

Update. In class today such an example was proposed by Guy. The topological space
was X := C — {0}, the sheaf M was the sheaf of holomorphic (i.e. analytic) C-valued
functions on X, the sheaf A/ was the subsheaf of nonzero functions, and ¢ : M — N was
f — exp(f). We can view these a morphism in Ab X. Try to understand why

I'X,¢): T(X, M) - T(X,N)

is not surjective; so ¢ is not surjective as a morphism of presheaves. But ¢ : M — N
is surjective as a morphism of sheaves. (Hint: a logarithm is defined on each contractible
open set in X.)
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Exercise 5.11. Let M be a sheaf on X. What is T'(@, M) ?

Proposition 5.12. Let ¢ : M — N be a morphism of sheaves on X. The following are
equivalent:

(i) ¢ is an isomorphism of sheaves, i.e. an isomorphism in the category of sheaves.
(ii) For every point x € X the morphism on stalks

¢X:MX_>NX

is bijective.
(iii) For every open set U C X the morphism

ry,¢):rU,M)—-ITU,N)
is bijective.

Note that condition (ii) above says that ¢ is both injective and surjective, see Definition

Exercise 5.13. Prove this proposition.

6. SHEAFIFICATION

[comment: (181104) made this into a new section; small changes below]

Recall that by a (pre)sheaf, and a morphism of (pre)sheaves, we mean of the four kinds:
abelian groups, groups, rings or sets. (Later we will also talk about sheave of .A-modules,
where A is a sheaf of rings.) We shall use the generic notation C(X) € PC(X), where
C = Set, Grp, Ab, Rng. So when C = Ab this stands for Ab(X) € PAb(X), etc.

Theorem 6.1 (Sheafification). Let M be a presheaf with values in C on a topological space
X. There is a sheaf Sh(M) on X, with a morphism of presheaves

Tpm 1 M — Sh(M),

having this universal property:

(S) For every pair (N, ¢), consisting of a sheaf N and a morphism of presheaves
o:M—oN,
there is a unique morphism of sheaves
¢": Sh(M) - NV

such that the diagram

M — 5 Sh(M)
¢/

N
in PC(X) is commutative.
The pair ( Sh(M), Tr4) is called the sheafification of M.

Let us note, before proving the theorem, that:

Proposition 6.2. The shedfification (Sh(M), Taq) of M is unique, up to a unique isomor-
phism.

Exercise 6.3. Prove this proposition.

Corollary 6.4. In M is a sheaf then (Sh(M), Tpq) = (M, id); i.e. uniquely isomorphic.
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Exercise 6.5. Prove this corollary.

We need an auxilliary construction. Given a presheaf M, let us define the presheaf
GSh(M) as follows: for every open set U we take

LU, GSh(M) := [ | M,
xeU

the product on all stalks. For an open subset V C U we define
resty,y : T'(U, GSh(M)) — I'(V, GSh(M))

to be the projection

(U, GSh(M) = [ | My = (]_[ Mx) x( [1 Mx)

xeU xeV xeU-V
(6.6) or
— [ | M« =T(v,GSh(M)).
xeV
Note that a section m € I'(U, GSh(M)) looks like this:
6.7) m = {my}xeu, My € My.

Lemma 6.8. Let M be a presheaf.

(1) The presheaf GSh(M) is a sheaf.
(2) There is a presheaf morphism

Ym 2 M — GSh(M).

(3) Ifthe presheaf M is separated, then the morphism 'y 4 is injective.
(4) For every inclusion V C U of open sets, the morphism

I'(U, GSh(M)) — I'(V, GSh(M))
is surjective.
A sheaf satisfying (4) above is called a flasque sheaf.
Proof. (1) Let U = ;<1 V; be an open covering.

Let’s verify axiom (a) of Definition for this covering. Let m,n € I'(U, GSh(M)) be
sections such that mly, = nly, in

IV, GSh(M) = | | My

x€eV;

for all i. This means that the stalks satisfy

My = Ny € My
for all x € V;. But for every x € U there is some i such that x € V;. We see that

My = ny € My
for all x € U. By formula we conclude that m = n.

Now we shall verify axiom (b) of Definition for this covering. So we are given a
collection {m; };<; of sections
m; € I'(V;, GSh(M))

satisfying
(6.9) mi|V,-mvj = le|vmv,-

foralli,j € I. Let’s write

m; = {mi,x}er,-a m; x € M.

14 | file: notes-181219-d2



Course Notes | Amnon Yekutieli | 19 Dec 2018

From @I) we see that m; = m; , forall x € V; N V;. Hence for every x € U we can define
My 1= m;x € My

where i is some index such that x € V;, and this does not depend on the choice of i. We
obtain a section

m = {mx}er € F(U’ GSh(M))
which satisfies
mly, = m;

for all i.

(2) For every open set U C X, a section m € I'(U, M) and a point x € U let my, € M, be
the image of m under the canonical homomorphism

ruy, M) — M.

We get a section

{mx}xev € I'(U, GSh(M)).
It is easy to see that this construction respects restrictions, so it is a morphism of presheaves.
(3) Exercise (see below).
(4) This is clear from fromula (6.6). m]
Exercise 6.10. Prove item (3) above.
Definition 6.11. We call GSh(M) the Godement sheaf associated to M

Exercise 6.12. Show that
GSh : PC(X) — C(X)
is a functor, and

v :Id — GSh
is a morphism of functors from C(X) to itself.
Definition 6.13. Let M be a presheaf, and let U C X be an open set. A section
m € I'(U, GSh(M))

is called a geometric section if there is an open covering U = |J;<; V; and sections m; €
I'(V;, (M)), such that for every x € V; the morphism

Vi, (M) = M
sends m; > my.

See picture below.
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We refer to the data ({Vi}iE 1,{mi}ic 1) as evidence for the geometricity of m.
Lemma 6.14. Let M be a presheaf, let U C X be an open set, and let
m = {my}yecuy € ['(U, GSh(M)).
The following conditions are equivalent:

(i) m is a geometric section.
(ii) For every point x € X there is an open set V s.t. x € V C U, and a section
m' e I(V,M), s.t. m" — m, foreveryy € V.

Exercise 6.15. Prove this lemma.
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Lecture 3, 31 Oct 2018 \

Lemma 6.16. Let M be a presheaf on X. The assignment
Sh(M) : U — {geometric sections of I'(U, GSh(M))}
is a subsheaf of GSh(M).
Proof. Step 1. Here we prove that Sh(M) is a subpresheaf of GSh(M). Namely that for

an inclusion V C U, the morphism

resty,y : T'(U, GSh(M)) — T'(V, GSh(M))

sends geometric sections to geometric sections.

So let m € T'(U, GSh(M)) be a geometric section, and let mly € T'(V, GSh(M)) be its
restriction to V. Talk a point x € V. By Lemmal6.14]there is evidence for m at x : an open
set W such that x € W C U, and a section m” € I'(W, M) such that m” — m, forall y € W.
Then the pair (W NV, m’|wny) is evidence for m|y at x. We see that m|y is a geometric
section.

Step 2. Because Sh(M) is a subpresheaf of the sheaf GSh(M), it is automatically separated
(axiom (a) holds); see Exercise

Now for axiom (b). Let U = |J;¢; Vi be an open covering of an open set, and let
m; € ['(V;,Sh(M)) be a collection of sections that agree on double intersections. Let
m € I'(U, GSh(M)) be the unique section such that mly, = m;. Like in step 1, we see that
m is a geometric section, namely m € I'(U, Sh(M)). O

Remark 6.17. Here is a useful heuristic for the inclusion of sheaves
Sh(M)) € GSh(M)).

We can pretend that the elements of T'(U, GSh(M)) are "arbitrary functions" on U, and the
elements of I'(U, Sh(M)) are the "continous functions".

Lemma 6.18. If M is a presheaf of abelian groups, then

Sh(M) € GSh(M)
is a subsheaf of abelian groups. Likewise for a presheaf of groups or rings.
Exercise 6.19. Prove this lemma.
Lemma 6.20. The assignment M — Sh(M) is a functor PC(X) — C(X).
Exercise 6.21. Prove this lemma.

[comment: (date 181104) new lemma next — was part of proof of thm]
Lemma 6.22. There is a morphism
7:1d — Sh

of functors from PC(X) to itself, such that for every presheaf M the diagram such that the
diagram

M — 5 Sh(M)

in PC(X) is commutative.

17 | file: notes-181219-d2



Course Notes | Amnon Yekutieli | 19 Dec 2018

Proof. Take an open set U. For each section m € T'(U, M), the section
Ym(m) € T(U, GSh(M))
is geometric section — the pair (U, m) is a tautological evidence. We define

Trm(m) := ya(m) € T(U, Sh(M)) € T(U, GSh(M)).

[comment: (date 181104) new lemma next — was Exer 5.36 in prev version]

Lemma 6.23. Let M be a presheaf on X and let x € X be a point. Then the function on
stalks

(T./Vl)x : Mx - Sh(M)X

induced by T is bijective.

Proof. Injectivity: For every open set U containing x there is a canonical morphism

(U, GSh(M)) = ]_[ My, = M,.
yeU

So there are canonical morphisms

T, M) 2™, B, Sh(M)) — T(U, GSh(M)) — M, .

Passing to the direct limit over all U > x we get a commutative diagram
id
(TM)X

My —225 Sh(M)y ——— GSh(M)y —— M,

Hence (7o), in injective.

Surjectivity: Take a germ m, € Sh(M),. It is represented by some section m €
I'(U,Sh(M)). This means that m € T'(U,GSh(M)) is a geometric section. So there
is evidence for m at x : there is an open set V and a section m’ € T'(V, M) such that
x € V c U and m” = m|y. But then the germ m/, € M, satisfies (Tq)x(m}) = my. O

[comment: (date 181104) new lemma next ]
Lemma 6.24. Let M be a presheaf on X. The morphism of sheaves
GSh(7p) : GSh(M) — GSh(Sh(M))

is an isomorphism.
Proof. This is immediate from Lemma[6.23] i

[comment: (date 181104) many changes in proof below ]
[comment: (date 181107) new, improved (?) notation ]

A change of notation: for a "legitimate category" C, i.e. C = Set, Grp, Ab, Rng or Mod A
for a ring A, we write Cx for the category of sheaves with values in C, and Cg(re for the
category of presheaves with values in it.

Proof of Theorem[6.1] We will prove that the pair (Sh(M), Tr¢) defined in Lemmas
and [6.22] has the required properties.
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Let ¢ : M — N be a morphism to a sheaf A/. We get the solid commutative diagram

(6.25) M 5N
, 7
M ¢ e - TN
7
7
Z  Sh(p)

ya|  ShM) ——Z 4 Sh(A) |

c <

GSh
GSh(M) —2, Gsh(n)
in Cg;e. Because 7, is an isomorphism (see Corollary , there is a unique morphism
¢" : Sh(M) - N
that makes the diagram commutative, namely
(6.26) ¢’ := 7x} o Sh(¢).

It remains to verify the uniqueness of ¢’. So let ¢”” : Sh(M) — A be any morphism in
CY s.t. ¢” o Taq = ¢. We need to prove that ¢” = ¢’. Define

" = 1pr0¢" 2 Sh(M) — Sh(N).

In view of (6.26), it suffices to prove that " = Sh(¢).
We have this commutative diagram

(6.27) M—2t N

™ = TN

Sh(M) —2—5 Sh(\)

in Cg;e. Passing to stalks at each point x € X we get a commutative diagram

(6.28) My —2 N,

(TMm)x | = = | (Tv)x

Sh(M), —% 4 Sh(A),

in C. The right vertical arrow is an isomorphism by Lemma [6.23] The commutativity of
diagram (6.28)), together with Lemma [6.24] say that

GSh(¢) = GSh(y”") : GSh(M) — GSh(\).
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[comment: (181107) small change below ] We end up with this commutative diagram

(6.29) M N

ym| Sh(M) ——— = Sh(N) |

N
N

GSh(¢)=GSh(y”
GSh(M) 22D | Gshv)

in C%°. Comparing the bottom square in this diagram to the bottom square in diagram (6.25),
and noting that Sh(N) > GSh(N) is a monomorphism, we conclude that ¢'" = Sh(¢), as
required. O

Exercise 6.30. Let X be a topological space and M an abelian group (or a ring, etc.).
Define M to be the constant presheaf with values in M, namely

riu,mMy=m

for every open set U. Prove that the sheafification of M is
Sh(M) = Mx,

the constant sheaf with values in M.

Exercise 6.31. Consider X := R with its classical topology, let M := Zx, the constant
sheaf with values in Z.

(1) Let U € X be a connected open set (i.e. a nonempty open interval). Calculate
I'(U, M) and T'(U, GSh(M)). Conclude that
ry, M) ¢ ry,GSh(m)).

(2) Conclude that for every point x € X,

My G GSh(M).

Exercise 6.32. Consider X := 21, with its p-adic topology. This is a totally disconnected
compact Hausdorff topological space. Let A := Ky, the constant sheaf with values in a
ring K. Calculate I'(X, A).

7. GLUING SHEAVES AND MORPHISMS BETWEEN THEM

As a prelude to this abstract theory, today in class we saw two "geometric" versions.

Let X be a topological space (the base), and let 7 : M — X be a map of spaces (a
continous function). We call (M, 7r) and X-space. A morphism of X-spaces f : M — N is
amap f such that my o f = mps. See Figures below.
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Given an open set U C X, a section of M over U is a map
oc:U—-M
such that
mroo =idy.

Le. o is a map of X-spaces. We denote by I'(U, M) the set of sections over of M over U.
See Figure:

a Sc.c'(: ‘\OU\
O v otel V8

D

The assignment
M:U-TWU,M)

is a sheaf of sets on X. We call M the sheaf of sections of M.
A map f: M — N of X-spaces induces a morphism

6 M-oN

on the sheaves of sections.
The first geometric tale was on gluing maps of X-spaces. We are given X-spaces
iy M — Xand ry : N — X, an open covering X = U = (J;¢; U;, and for every i a
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maps of X-spaces
fi i 7wy (Ui) = my (Up).
The condition is that
fi|n,;41(UimUj) = fj|7z,;;(UinU,~)-

Then there is a unique map of X-spaces

f:M—>N
such that

Flerwsy = fi

for all i. The reason: basic topology. See Figure below.

The second geometric tale today was on gluing X-spaces. We are given an open covering
X = U;er Ui, and for every i a U;-space

Tl Mi — Ui,
for every i, j an isomorphism
ﬁ,j . ﬂi_l(Ui N U]) ;> ﬂ;l(Ui N U])
of X-spaces. The condition is that
leklnl‘W‘(Uintr\Uk) °© ﬁ’jlﬂ;;(UiﬁUjﬂUk) = ﬁsk|7ri/;(UiﬁUjﬂUk)
for all i, j, k. Then there is an X-space m : M — X, with isomorphisms of X-spaces
fion N U) = M
such that

ﬁ,j © fi|7r’](U,-ﬁUj) = -f,‘]‘lﬂfl(UiﬁU,')'

Again, the proof is just basic topology, with complicated bookkeeping. A partial figure is:
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Exercise 7.1. Draw a full picture of this gluing procedure, with these 3 open sets.

By the first tale the X-space M that we get here is unique up to a unique isomorphism.
The theorems that we want are abstract versions of the concrete geometric constructions
above.

Definition 7.2. Let M be a sheaf on a space X andlet U C X be an open set. The restriction
of M to U is the sheaf M|y on U such that

F(Mly, V) :=T(M,V)
for every open set V € U, and

Mo~ st

restW v WV

for every W € V C U open.

Theorem 7.3 (Gluing Sheaf Morphisms). Let M and N be sheaves on a topological space
X, let X = \J;er Ui be an open covering, and let

¢i : My, = Nly,

be morphisms of sheaves satisfying the condition

$ilunu; = $jluinu;  Mluinu; = Nluinu; -
Then there is a unique morphism of sheaves

¢ M-oN
such that
Plu; = ¢i : My, = Nly;.
Theorem 7.4 (Gluing Sheaves). Let X be a topological space, let X = | J;c; U; be an open
covering, for every i let M; be a sheaf on U;, and for every i, j let
¢ij : Miluinu; = M;lu;nu;

be an isomorphism of sheaves on U; N U;. The condition is that

¢j.kluinu;nu © $ijluinunue = Gikluinu;nuy
as isomorphisms

Milu,nu;nuy = Melu;nu;nuy s

foralli,j, k.
Then there is a sheaf M on X, together with isomorphisms

¢i : My, > M,
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such that -

ij © diluinu; = Gjluiny; : Mluinu, = Milu,nu; -
Moreover, that sheaf M, with the collection of isomorphisms {¢;}, is unique up to a unique
isomorphism.

We will give a full proof next week.
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Lecture 4, 7 Nov 2018

I owe you a nice example of the topological — or geometric — gluing.

Example 7.5. The base space is X = S!, the circle. We take the covering X = (J;c; U;
with I = {0, 1,2} shown below.

U,

Let Z := [-1,1] C R, the closed line segment. So X X Z is the ordinary, untwisted,
band. Let ¢ : Z — Z be the homeomorphism (or better yet, diffeomorphism) ¥ (z) := —z.
(If you don’t know about manifolds with boundary and their diffeomorphisms, then take
take Z to be the open line segment.)

[comment: (21Nov2018) In the book [Lee| there is a good discussion of manifolds with

boundary.]
For i € I we define the space (or differentiable manifold)
M; =U; X Z,
with the obvious map
VS M,' — U, i-

The gluing data (what will soon be called the 1-cochain...) {¢; ;} is
¢ij = idxid: (UinU)XZ— UiNnUj) X Z
for (i, j) € {(0,1),(1,2)}, and
o2 =idxy : (UoNU)xZ — (UyNUy) X Z.
These are extended (i.e. for j < i) by ¢, ; := ¢J_: and ¢;; :=id.
Because the triple intersections are empty, the condition
¢j.klu:nu;nu, © Bijluinusnue = Gikluinu;nuy

is satisfied automatically.

The resulting X-space (or manifold over X) M is the Mobius band of course.

What invariant tells us that M is not homeomorphic (or diffeomorphic) to X X Z ?

The only one I know is orientability. It is easier to explain in the differentiable case (but
still not easy). Here is a sketchy explanation...

In the differentiable version, the manifold M has its tangent bundle TM. This is a rank 2
(real differentiable) vector bundle, that is glued by very similar formulas (the differentials
of the {¢; ;}). Indeed, for every i the tangent bundle of M; is trivial:

TM; = M; x R?,
and in the fiber direction R? we glue by (1, £1).
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For the ordinary band the tangent bundle is trivial:
T(X xZ) = X xZ xR

But not so for M. Still, why?

Here is what we do.

First, in general, for a rank d vector bundle p : E — M on M we have its frame bundle
FE, that is a sheaf of sets on M. Over every open set V C M we define I'(V, Fg) to be the
set of vector bundle isomorphisms

(7.6) o VxRYS p (V).

This is a sheaf, and the set ['(V, Fg) is either empty (if E is not trivial above V), or it is
isomorphic as a set to

I'(V,V x GL4(K)) = Hommzg(V, GL4(K)) = I'(V, GL4(On)).

Here V x GL4(K) is the bundle over V, and we look at sections of it; these are the same as
morphisms V — GL4(K) in the category Mfld of differentiable real manifolds; and also as
the sections on V of the sheaf of groups GL;(O);), where Oy, is the sheaf of differentiable
manifolds. If there is one frame o, then we get all other frames by the action of V X GL4(KK)
onV x R%.

[comment: (21Nov2018) some changes below]

Now the topological group GL;(IK) has two connected components (according to the
determinant). Hence for a small connected open set V (small enough so that I'(V, ) # @)
the space p~! (V) has two connected components — see . Let conn(FEg) be the sheaf of
sets on M associated to the presheaf

Vi mo(I(V, Fi)),

the set of connected components. This is a locally constant sheaf of sets: it is locally
isomorphic to the constant sheaf of sets {1,—1}. (On small open sets V C M this is the
constant sheaf.)

There are two options: either the sheaf conn(Fg) is the constant sheaf, or it is not. This
is detected by the monodromy representation.

Suppose S is a locally constant sheaf of sets on a path connected space Y, that’s locally
isomorphic to the constant sheaf {1, —1}. Then there is a representation

ps :m (M) — G,

where G is the 2-element group, seen as permutations of {1, —1}. The monodromy ps is
either trivial; and then S is the constant sheaf, and

or ps is not trivial, and then
ry,s)=o.

Getting back to Mobius, the explicit gluing that we made shows that pg, for Y := M,
E :=TM and S := conn(Fg), is not trivial!

Geometrically this says that the manifold M is not orientable — an orientation of M is by
definition a global section of conn(Fg). So either there are two or none. An orientation is
what we need to integrate on a manifold (to get a consistent sign for the Jacobian matrix).

By “legitimate category”, or “very concrete category” we mean a category C that admits
infinite products, infinite direct limits, finite fiber products, and a faithful functor

F : C — Set
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that respects the previous constructions. As we know, the categories Set, Grp, Ab, Rng and
Mod A for a ring A, all have these good properties. (Warning: F might not respect initial
objects and epimorphisms.)

We write Cx for the category of sheaves with values in C, and Cr;e for the category of
presheaves with values in it.

Another general fact on sheaves, related to Definition @
[comment: (21Nov2018) There was a mistake earlier in item (1) below. It is now correct.
The proof is given here: Proposition [7.18]]

Proposition 7.7. Let ¢ : M — N be a morphism in Cx.
(1) Assume C = Ab. The morphism ¢ is surjective iff it is a categorical epimorphism
in Cx.
(2) ¢ is injective iff it is a categorical monomorphism in Cx.

Exercise 7.8. Prove this proposition.

Before proceeding, I see that there is something we talked about in class that was not
typed in the notes. This is the equalizer diagram formulation of the sheaf axioms.

Recall that an equalizer sequence (also called a cartesian sequence) in a category C is a
diagram

€ 60
Co— G
5!

such that when we write it like this:

C0;>C1

€ 50

1
C15—>C2

is a cartesian diagram, or synonymously a pullback diagram, or equivalently that

Co = C1 X¢, C1,
(50
the fibered product. The pair (Cy, €) is somtimes called the kernel of C| : C.
5]

In Set we know that
€:Co— {ceC]6%C) =6'(0).

Hence it is the same when C is a very concrete category (the forgetful functor F repects
fiber products).

Exercise 7.9. Prove that the kernel € is a monomorphism in C.
We have seen that:

Proposition 7.10. A presheaf M € C];(re is a sheaf iff for every open set U C X and every
open covering U = | J;¢; Vi the diagram

50

€

rw.M — [ [r@arm = [ ] T050veMm)
i€l sl jkel

is an equalizer sequence in C.
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Here € is the product on all i € I of the restriction morphisms
resty, ;y : T(U, M) — I'(V;, M).
The morphism ¢' is the product on all i = j € I of the product on all k € I of
resty; nv, v, - T(Vy, M) — T(V; 0 Vi, M).
And the morphism ¢° is the product on all i = k € I of the product on all j € I of
resty; v, /v LV, M) = T(V; 0V, M).
We now provide proofs of the gluing theorems.

Proof of Theorem[I.3} gluing sheaf morphisms. Let V C X be an open set. Defining V; :=
V N U;, we get an open covering V = | J;¢; V;. Consider the following solid diagram

60
(7.11) T(V,M) —— [Lic; TVi, M) — 7 Tljker TV, 0 Vi, M)
| 5!
:r<v,¢> (CWid)) TV WViad))} = | (TVi0Viti))
NA 50
L(V,N) —— [lies T(Vi, N) 5 [Tjxer T(V; 0 Vi, N)
61

in the category C. This is commutative, by the compatibilty condition

bilu;nu = dklujnuy -

Therefore there is a unique morphism I'(V, ¢) on the dashed vertical arrow.
As the open set V varies, we obtain a morphism of sheaves

o: M—-oN.

If V C U; for some index i, then V; = V, and therefore by the commutativity of the left
square in (7.11) — and neglecting all indices other than i — we see that

LV, ¢) =T(Vi, ¢:).
This means that
Plu, = ¢i.
The uniqueness of this ¢ is also because it is the only morphism that makes
commutative. O

Proof of Theorem[T.4} gluing sheaves. Recall that we are given an open covering X =
Uier Ui, a sheaf M; on U;, and an isomorphism
¢ij : Milu.nu;, = Mlunu;
for every i, j. The condition is that
¢j.klu:nu;nu, © Gijluinunue = Gikluinu;nuy -

Take a point x € X. Let us denote by M, , the stalk of M; at x. There is an object

M, € C, together with an isomorphism
¢i,x : Mi,x ; Mx
for every i, such that
¢j,k,x ° ¢i,j,x = ¢i,k,x-

Moreover, the object M, with its collection of isomorphisms {¢; .}, is unique (up to a
unique isomorphism).
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Let us define the sheaf M on X as follows:
T(V, M) := ]—[ M.
xeV

(This will eventually be the Godement sheaf of M.) On every U; there is a morphism of
sheaves

éi : M; = My,
and it gives rise to an isomorphism of sheaves
(7.12) GSh(M;) > My, .

A section
{mx }er € F(V’ M)
will be called geometric relative to the collection {M;} if for every x € V there is an open
set Ws.t.x € W C VNU; for some i, and a section m € I(W, M;), s.t. ¢; ,(m) = m, € M,
forally e W.
Now let M be the subpresheaf of M defined as follows:
[(V, M) C T(V, M)

is the subset of all geometric sections, in the relative sense as above. As we already know
from previous calculations, M is a subsheaf of M; and M = GSh(M).

For every index i, the isomorphism (7.12) identifies M; with M|y,, as the subsheaves
of geometric sections of M |y,. This is the isomorphism

¢i : Mly, = M,
that we want. By construction these satisfy
¢ij © diluinu; = ¢jluinu; -

The uniqueness (up to unique isomorphism) of M is a consequence of Theorem

and is left as an exercise. O

Exercise 7.13. Finish the proof above.
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Lecture 5, 21 Nov 2018 ‘

[comment: (21Nov2018) (1) No lecture 14 Nov. (2) There are corrections above.]

I did not mean to introduce the next definition now, but it is needed for the proof of
Proposition [7.18] (the correction of Prop[7.7(1)).

Note that for M, N € AbI;(re and an open set U C X the set of morphisms M|y — Ny
in Aby)” is itself an abelian group. We denote it by

Hom,gpee(Mlyr, Vo).
Also recall that Aby; (sheaves) is a full subcategory of Abfl’jre (presehaves).

Definition 7.14. Let X be a topological space and let ¢ : M — N be a homomorphism in
ALY®. The cokernel of ¢ is the presheaf

Coker™(¢) € Ab%*
defined by
Coker”*(¢)(U) := Coker(I'(U, ¢) : T(U, M) — (U, N)).

Definition 7.15. Let X be a topological space and let ¢ : M — N be a homomorphism in
Abyx. The cokernel of ¢ is the sheaf

Coker(¢) := Sh(Coker?(¢)) € Abx .
There is a canonical homomorphism
7w : N — Coker(¢)
in Aby that’s induced from the homomorphism
N — Coker?(¢)
in Abg;e.
Proposition 7.16. Let ¢ : M — N and be a homomorphism in Aby.

(1) The canonical homomorphism n : N' — Coker(¢) in Abx is surjective.

(2) The composition ©t o ¢ is the zero homomorphism.

(3) Let y : N — P be a homomorphism in Aby such that y o ¢ = 0. Then  factors
uniquely through Coker(¢). Namely there is a unique morphism

i : Coker(¢) — P
in Abyx such that
y=ion.
(4) For every point x € X the sequence
My 25 N 25 Coker(¢)y — 0
in Ab is exact. In other words, n, induces an isomorphism
Coker(¢y) > Coker(¢)y.

Exercise 7.17. Prove Proposition[7.16

Recall that the trivial abelian group is denoted by 0. It is both the initial and terminal
object of the category Ab. Given a space X, let 0x € Aby be the constant sheaf with values
in the group 0. This sheaf is both the initial and terminal object of the category Abx.

Proposition 7.18. Let ¢ : M — N be a homomorphism in Abx. The following conditions
are equivalent:

31 | file: notes-181219-d2



Course Notes | Amnon Yekutieli | 19 Dec 2018

(i) ¢ is surjective (Definition[5.4)).
(ii) ¢ is a categorical epimorphism in Aby.
(iii) The sheaf Coker(¢) is the constant sheaf Ox.
Proof.

(i) = (ii): This is easy, and was done in class by Yotam.
(ii) = (iii): Let P := Coker(¢). We consider these two homomorphisms in Aby :
Yo, Y1t N — P,
Yo := 0 and ¢ := n. These both satisfy
Yiop=0.

But ¢ is a categorical epimorphism, so we must have ¥ = ;. This means that 7 = 0.
According to Proposition[7.16[ 1) the homomorphism 7 is surjective. Hence P = Ox.

(iii) = (i): We are given that Coker(¢) = Ox, so for every point x € X the stalk is
Coker(¢), =0 € Ab.
Using[7.16(4) we conclude that
Pt My — N

is surjective. Thus ¢ is a surjection of sheaves. O

8. VEcTOR BUNDLES

We are going to discuss real vector bundles on spaces and manifolds. This will take us
a step closer to a modern understanding of geometry. Later we will use similar ideas for
schemes.
Convention 8.1. We shall work in one of the following categories:

o The category Top of topological spaces and continous maps between them. Here
K = R, the field of real numbers.

e The category Mfld of real differentiable manifolds and differentiable maps between
them, where by differentiable we mean of class C*. Here K = R.

o The category Var of quasi-projective algebraic varieties over an algebraically closed
field K.

We shall denote by Sp any of these categories, and refer to an object of Sp as a space.

The category Sp has finite products. These products respect the forgetful functor
Sp — Set.

Warning: the forgetful functor
Var — Top

does not respect products. On the other hand, the forgetful functor
Mfld — Top

does respect products.
In Top and Var we have fiber products: given f : Y — X and g : Z — X the fiber
product is the closed subset

(8.2) Yxx Z={(».2) | f() =g} c Y xZ

with the induced structure of a closed subspace.
Fiber products in Mfld are more delicate, because the closed subset in (8.2)) is not a
submanifold in general.
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Recall that a map f : Y — X in Mfld is called a submersion if for every point y € Y the
linear map on tangent spaces

d(f)y : Ty Y = Tp X
is surjective. (See [Lee].)
Example 8.3. The inclusion f : U — X of an open subset is a submersion in Mfld.

Exercise 8.4. Prove that if f : U — X is the inclusion of an open set in Sp, then for every
g : Z — X in Sp the fiber product exists, and it is

Uxx Z =g '(U)CZ.

Example 8.5. A submersion f : Y — X in Mfld of relative dimension 0 (i.e. dim(Y) =
dim(X)) is a local diffeomorphism.

Lemma 8.6. Given maps f : Y — X and g : Z — X in Mfld such that either f or g is a
submersion, the closed subset

{2 fy)=g(x)} CYXZ

is a submanifold. It is the categorical fiber product Y Xx Z in Mfld.
Exercise 8.7. Prove the lemma. (Hint: use the Implicit Function Theorem.)

Remark 8.8. From a contemporary point of view, Mfld is the wrong category. It is a relic
from decades ago, and it is “deficient”.

There actually is a theory of “differentiable spaces”, very recent, due to D. Joyce. It is
new and not many people are aware of it. The manifolds are the nonsingular objects in the
category of differentiable spaces.

Remark 8.9. What are the “manifolds” in Var ? These are the nonsingular varieties. They
have tangent spaces, and one can talk about submersions in Var. But these have another
name: smooth maps of varieties. Lemma (8.6 holds in Var. See [Har, Prop II1.10.4].

A smooth map f of relative dimension O is called an étale map. 1 is usually not a local
isomorphism!

In algebraic geometry we also talk about smooth maps f : ¥ — X between singular
varieties.

If we are lucky (it is a matter of time) we will be able to talk about smooth maps between
schemes.

Next is a nonstandard definition.

Definition 8.10. A map Y — X in Sp is called Sp-fibered, and Y is called Sp-fibered over
X, if for every Z — X in Sp the fibered product Y Xx Z exists in Sp.

Thus when Sp = Top or Sp = Var this is an empty condition (all maps are Sp-fibered),
and when Sp = Mfld all submersions a fibered (by Lemma 3.6)).

For every n > 0 we have the affine n-dimensional space A"(K). As a set it is R”. It is
viewed as an object of Sp, either as a topological space with the usual metric topology, or
as a differentiable manifold with the usual differentiable structure, or as an algebraic variety
with the Zariski topology with the usual algebro-geometric structure, as the case may be.

For n = 0, A°(K) is a single point, that we denote by 0. Note that A°(K) is the terminal
object of Sp.
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For n = 1, A'(K) is a commutative ring object in Sp. There are maps

add : A'(K) x A{(K) —» A'(K), add(a,b) :=a + b,

mult : A'(K) x A'(K) - A'(K), mult(a,b) := a-b,
0:A%K) — A'(K), 0(0):=0g € K,
1:A%K) - ANK), 1(0):=1x € K

8.11)

in Sp that satisfy the axioms of a commutative ring. After applying the forgetful functor to
Set we recover the familiar operations of the ring K.

For other values of n € N the space A"(K) is an A!(IK)-module in Sp, i.e. literally a
vector space. This just means that there are maps

add : A"(K) x A"(K) —» A(K), add(v,w):=v+w € K",
(8.12) mult : A'(K) x A"(K) - A"(K), mult(q,v) :=a-v e K",
0:A%K) - A"(K), 0(0):=0g» € K"

in Sp that satisfy the axioms of a module (for the ring structure (8.1T). After applying the
forgetful functor to Set we recover the familiar operations of the K-module K".
The idea of a vector bundle is meant to provide a relative version of (8.12): a collection
of vector spaces that move — continously or smoothly or algebraically — over a base X.
Fixing a space X € Sp (the base), we can talk about the category Sp/X of X-spaces,
or spaces over X. An object of Sp/X is a pair (Y, nry) where y : ¥ — X is a map in Sp,
called the structure map. A morphism

g:(Y,ny) > (Z,nz)
inSp/X isamap g :Y — Z satisfying

Mz og =my.

Yy —2 7
X
We shall often keep nry implicit.

We need to know about finite products in Sp/X. These are just the fibered products in
Sp. To be precise:

In a commutative diagram:

(8.13) (Y.7y) X (Z,mz) = (Y Xx Z, 7),
where

YXxZC XXY
is the fibered product in Sp (if it exists); and

n(y,z) = ny(y) = nz(z) € X

for (y,z) e Y xx Z.

Thus in the cases Sp = Top and Sp = Var all finite products exist in Sp/X.

In the case Sp = Mfld, in many important instances at least one of the maps zy or 7z
will be a submersion, so the finite product will exist. Here is a typical good situation in this
case. Given any space Y, consider the product

(8.14) Y:i=XxY
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Define
(815) ny Y =XxYy—- X
to be the projection on the first coordinate. This is a submersion, so Y is Sp-fibered over X.

Lemma 8.16. Let (U, ny) € Sp/X, let Yo € Sp, and let (Y, ny) € Sp/X be as in (8.14])
and (8.15)).

(1) There is an isomorphism of sets
Homsy/x(U,Y) = Homsp/x (U, X X Yp) = Homs,(U, Yp).

It is functorial in U and Y.
(2) There is an isomorphism

UxxY=UxY,
in Sp. It is functorial in U and Y.

Exercise 8.17. Prove the lemma. Give explicit formulas for the isomorphisms.

Before approaching the vectors bundles, let’s talk about more general (and less struc-
tured) bundles.

Definition 8.18. Let X € Sp. A fiber bundle over X is an object (Y, my) in Sp/X with this
property: there is a space Z, an open covering X = |J;¢; U;, and isomorphisms

¢i : Ui X Z i) ﬂ;l(Ui)

in Sp/U;. The space Z is called the fiber, and the isomorphisms ¢; are called local
trivializations.

Example 8.19. The Mobius band is a fiber bundle in Top (or, if we choose the open version,
in Mfld). The base is X = S!, and the fiber is Z = [-1,1] (or Z = (-1, 1)).

Proposition 8.20. Let (Y, ny) be a fiber bundle over X with fiber Z.

(1) If Sp = Mfld then ny is a submersion.
(2) The object (Y, ry) € Sp/X is Sp-fibered.
(3) For every point x € X the fiber

7y (x) = {x} xx ¥
is an object of Sp, and it is isomorphic (noncanonically) to Z.

Exercise 8.21. Prove the proposition.
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Lecture 6, 28 Nov 2018

Recall that Sp is either Top, Mfld or Var, and correspondingly the field K is either R, R
or algebraically closed.

Last time we talked about the vector spaces A"(K), that are A!(IK)-modules in Sp. We
also talked about fiber bundles in Sp. Now we are going to combine these notions.

Definition 8.22. We fix a base X € Sp. For every n € N consider the X-space
(8.23) A"(X) := X x A"(K)
with structure map

Tan(x)(x, 0) := x,

the projection on the first coordinate.

Of course A%(X) = X.

For n = 1, A/(X) is a commutative ring object in Sp/X. This structure is induced
from the commutative ring structure of A'(K) in formula . Here it is explicitly. As
mentioned above (in Prop[8.20(2)) the fiber product

A'(X) xx A'(X) c A(X) x Al(X)

exists in Sp. (In fact it is isomorphic to A%(X), but that’s not helpful here.) The points in
A'(X) are pairs ((x,a), (x,b)) with x € X and a, b € R. The operations are:

add : A'(X) xx A(X) — AY(X), add((x,a),(x,b)) := (x,a + b),
mult : A'(X) xx A'(X) = AN (X), mult((x,a), (x,b)) := (x,a-b),
0x : A%X) —» Al(X), 0(x):= (x,0),
1x : A%X) - ANX), 1(x):=(x,1).

(8.24)

These are maps in Sp/X.
For any value n € N, the space A”(X) is an A'(X)-module object in Sp/X. This
structure is induced from formula (8.12)). Again in explicit terms: the fiber product

A™(X) xx A"(X) C A™(X) x A™(X)

exists in Sp. The points in it are ((x, v), (x, w)) with x € X and v, w € R". The operations
are:

add : A"(X) xx A"(X) > A"(X), add((x,0), (x,w)) := (x,v + w),
(8.25) mult : A'(X) xx A"(X) = A*(X), mult((x,a),(x,0)) := (x,a-v),
0x : A%X) - A™(X), 0(x) := (x,0).
The map Ox is called the zero section.

Definition 8.26. Let n be a natural number. The standard trivial rank n vector bundle over
X is the space

A"(X) = X x A"(K)
with the operations defined in (8.25).

Definition 8.27. Let X € Sp and n € IN. A rank n vector bundle over X is an Sp-fibered
object (E, ng) in Sp/X, with these maps

addg : EXx E > E,
multg : Al(X) Xx E — E,
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(%)% A CK)
Vector bundle £

wevxs |

section 7 ~— _ A1

Ficure 1. A rank »n vector bundle E over X

OE X > FE
in Sp/X that are called the operations. The conditions are:

(i) The operations make E into an A!(X)-module in Sp/X, i.e. the module axioms are
satisfied.
(i) Local triviality: there is an open covering X = |J;¢; U;, and for every i an
isomorphism
¢i : A"(U;) = 75 (U)
of A!'(U;)-modules, i.e. an isomorphism in Sp/U; that respects the operations.

See Figure[T]
Notice that for every point x € X the fiber

(8.28) E(x):=ng'(x) = {x} xx E
is isomorphic to A”(RR) as K-modules.

Example 8.29. Assume Sp = Mfld. Let X be an n-dimensional manifold, an object of
Mfld. The rangent bundle TX is a rank n vector bundle on X.

Exercise 8.30. If you don’t understand the example above, then read about it (in [Legl] or
another book) and write a proof.

Remark 8.31. This is an elaboration of Example Unfortunately you won’t find this
material in [[Leel], and probably not in any other textbook on differential geometry. It is
"extra material". We might do the algebraic version next semester (for schemes).

Let X be an n-dimensional differentiable manifold (so Sp = Mfld and K = R). The
tangent bundle is TX, and let 7x be the sheaf of section of TX, i.e.

I'(U,Tx) := T(U,TX) = Homsp/x (U, TX)

for every open set U C X. It is standard to refer to a section d € I'(U, TX) as a vector field
onU.
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This is not mysterious, at least when X = A"(R). Let t1,...,t, be the coordinate
functions. Then there are the constant vector fields
0
(9,' =,
ot;
and every vector field d can be written uniquely as

9= Zn: Ji-0i
i=1

with f; € T'(X, Ox). Moreover, 4 is a derivation of A := I'(X, Ox), as defined in the next
paragraph, and
fi = 0(n).
Suppose A is a commutative R-ring. A derivation of A (relative to R) is an R-linear
homomorphism
0:A> A

satisfying the Leibniz rule
d(a-b)=09(a)-b+a-d(b).
The set of derivations of A is Derr(A).

This can be done for sheaves. Consider the sheaf of differentiable functions Oy on X.
For an open set U € X we can look at derivations

8ZOU—>Ou,

namely R-linear sheaf homomorphisms on U that satisfy the Leibniz rule on every open
set U’ C U (or equivalently, in all stalks at x € U). These form an R-module

Derr(Oy) € Homg, (Oy, Op).
As U moves we get a sheaf Derg(Ox) such that
I'(U, Derr(Ox)) = Derr(Oy).
Theorem. There is a canonical isomorphism of sheaves of R-modules
Derr(Ox) = Tx.

Proposition 8.32. Let X be a space in Sp, and let E, F be vector bundles on X, of ranks
m, n respectively.

(1) There is a vector bundle E & F on X, whose fibers are
(E® F)(x)=E(x)® F(x).
(2) There is a vector bundle E ® F on X, whose fibers are
(E® F)(x) = E(x) ® F(x).
(3) There is a vector bundle Hom(E, F) on X, whose fibers are
Hom(E, F)(x) = Homg(E(x), F(x)).
(4) There is a vector bundle \*(E) on X, whose fibers are
NE)x) = Nk (E(x),

the k-the exterior power, for 0 < k < m.
(5) There is a vector bundle Sym*(E) on X, whose fibers are

Sym* (E)(x) = Symj (E(x)),

the k-the symmetric power, for 0 < k.
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Exercise 8.33. Prove this proposition. What are the ranks of the various vector bundles
there?

As a prelude to next week’s lecture, do the following exercise.
Exercise 8.34. Let E be a vector bundle over X, let U C X be an open set, and let
o,7:U—>FE
be sections, i.e.
0,7 € Homgy x (U, E).
Then there is a unique section
o +71 € Homgy/x (U, E)
such that for every point x € U we have
(c+71)(x) =0(x)+7(x) € E(x).

(Hint: this is easy if you understand the definitions well.)
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Lecture 7, 5 Dec 2018

Last time we defined vector bundles. Recall that Sp is either Top, Mfld or Var, and
correspondingly the field K is either R, R or algebraically closed.

Definition 8.35. Let X be a space in Sp, and let E and F' be vector bundles on X. A map
of vector bundles
¢p:E—>F
is a map ¢ in Sp/X that respects the operations add and mult.
We denote by Vec/X the category of vector bundles on X.

We could require ¢ to respect the zero sections, but that is a consequence of the operation
mult.

Note that the category Vec/X is deficient: given ¢ : E — F, there usually aren’t vector
bundles E’ and F’, and maps @ : E’ — E and B : F — F’, such that in all fibers the
sequence of K-modules

0— E(x) 2 £ 29 roo 29 Fr(x) - 0

is exact.

Exercise 8.36. Find an example of the phenomenon above, and explain what goes wrong.
(See Proposition[9.14] for another point of view.)

This weakness of Vec/X is an important reason to work with sheaves, as we now do.

9. RINGED SPACES AND SHEAVES OF MODULES
We now take a break from vector bundles.

Definition 9.1. A ringed space is a pair (X, Ox), where X is a topological space X, and
Ox is a sheaf of commutative rings on X.

Every space X € Sp, see Convention [8.1] is actually a ringed space.

e When Sp = Top, Oy is the sheaf of continous R-valued functions.
e When Sp = Mfld, Ox is the sheaf of differentiable R-valued functions.
e When Sp = Var, Oy is the sheaf of algebraic K-valued functions.

In all these cases the formula for Oy is this:
[(U, Ox) = Homs,(U, A (K)),
and the ring structure comes from that of A'(K) in .
Definition 9.2. Let (X, Ox) be a ringed space. A sheaf of Ox-modules on X, or an
Ox-module, is a sheaf of abelian groups M on X, together with a structure of a I'(U, Ox)-

module on I'(U, M) for every open set U C X, such that for every inclusion of open sets
V € U the homomorphism

rest‘jy/‘U (U, M) > T(V,M)
is '(U, Ox)-linear.

Definition 9.3. Let (X, Ox) be a ringed space, and let M and N be Ox-modules. A
homomorphism of Ox-modules from M to A is a homomorphism of sheaves of abelian
groups

o M—->N
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such that for every open set U C X the homomorphism
rwy,¢): (U, M) — IT(U,N)

is ['(U, Ox)-linear.
The category of Ox-modules is denoted by Mod Ox.

There are forgetful functors
Mod Ox — Mod Ky — ModZyx = Abx .
Definition 9.4. A sequence of homomorphisms
S M ¢_i>Mi+l ﬂ/\/li” .
in Mod Oy is called exact if for every point x € X the sequence of homomorphisms
C— M ﬁM;“ ﬁ»Mi” — .
in Mod Ox , is exact.

Example 9.5. Let ¢ : M — AN be a homomorphism in Mod Oy.
(1) ¢ is surjective iff
ME NS0

is exact. Here O is the zero sheaf.
(2) ¢ is injective iff
0—-> M 2, N

is exact.

Exactness can be checked also in Mod Ky or Aby.

In Definitions and we learned about the cokernel of a sheaf homomorphism
in Aby. It works also for homomorphisms in Mod Ox. Namely Coker(¢) is the sheaf
associated to the presheaf

Coker” : U + Coker(T'(U, ¢) : I'(U, M) — T'(U,N)).

Definition 9.6. Given a homomorphisms ¢ : M — A in Mod Oy, its kernel is the
Ox-module Ker(¢) such that for every open set U

['(U,Ker(¢)) := Ker(I[(U, ¢) : [(U, M) — T(U, N)).

Exercise 9.7.

(1) Verify that the sheaf Coker(¢) is an Ox-module.
(2) Verify that Ker(¢) is a sheaf, and it is an Ox-module.

Proposition 9.8. Given a homomorphism ¢ : M — N in Mod Ox, the sequence
0 — Ker(¢) » M s, N — Coker(¢) — 0
in Mod Oy is exact.
Proof. By definition for every open set U we have an exact sequence of abelian groups
(Ey) 0 —» I'(U, Ker(¢p)) — T(U, M) M I'(U,N) — I'(U, Coker’™(¢)) — 0.

Choose some point x € X. Passing to the direct limit on all exact sequences E¢;, where U
is an open neighborhood of x, we get an exact sequence

(Ey) 0 — Ker(¢)y — My ¢—X> Ny — Coker(¢), — 0.
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Here we are using the fact that the direct limit of a direct system of exact sequences is exact
(see below), and that

Coker?®(¢), — Coker(¢)y
is bijective. O
Theorem 9.9. Let {E;};c; be a direct system of sequences of A-modules, and let
E :=1lim; E;.
If all the sequences E; are exact, then so is E.
Exercise 9.10. Prove this theorem. (Unless you already know it.)

Exercise 9.11. State and prove the categorical properties of Ker and Coker inside Mod Ox.

(Cf. Prop[7.16]3).)
For an open set U C X there is a functor
ReStU/X : Mod Ox — Mod OX|U, M - M|U.

Definition 9.12. Let (X, Ox) be a ringed space. A sheaf of Ox-modules £ on X is called
locally free of rank n, for some n € N, if there is an open covering U = {U, };<; of X, and
for every i there is an isomorphism

¢,‘ . O[Q;ln i) 5|Ui

of Oy,-modules. We say that the covering U trivializes £, and that the collection {¢;};cs
is a trivialization of £ on U.

Just like in module categories, an exact sequence
0 ML NSO
in Mod Oy is called split if there is a homomorphism 7 : A” — M such that ¢ o 7 = id/.

Exercise 9.13. Suppose

©) 0schmbNso

is a split exact sequence in Mod Ox. Show that
M=LON.

Proposition 9.14. Let

(E) 0525 MLN >0

be an exact sequence in Mod Ox. Assume that N is locally free of finite rank. Then () is
locally split; namely every point x € X has an open neighborhood U such that the sequence
of Oy-modules

0= Ly 5 My 5 Ny =0
is split.
Exercise 9.15. Prove this proposition.

‘We now return to vector bundles.
Let X be a space and (Y, nry) an X-space. For an open set U C X let us write

(9.16) I'(U,Y) := Homsy/x(U,Y),

the set of sections o : U — Y inSp/X of 7y : ¥ — X over U.

43 | file: notes-181219-d2



Course Notes | Amnon Yekutieli | 19 Dec 2018

Lemma 9.17. The assignment
U T(U,Y)
is a sheaf of sets on X. It is called the sheaf of sections of Y, and is denoted by ShSex(Y).

Exercise 9.18. Prove the lemma.

Proposition 9.19. Let X € Sp. There is a canonical isomorphism of sheaves of rings
between Ox and the sheaf ShSex (A (X)) of sections of the ring bundle A'(X).

Proof. Recall that
Al(X) = X x A{(K).
As we saw in Lemma[8.16] 1), for an open set U C X there is an isomorphism
I'(U,A'(X)) = Homsp(U, A (K)).

And by definition

I(U, Ox) = Homgp(U, A (K)).
We see that Oy is the sheaf of sections of the bundle A'(X). The ring structure in both
cases comes from that of A!(KK). O

Proposition 9.20. Let X € Sp, and let (E,ng) be a rank n vector bundle on X. Let
& := ShSex (E), the sheaf of sections of E. Then & is a locally free Ox-module of rank n.

Proof. The operations on E give £ a structure of an Ox-module. If U = {U,};¢; is an open
covering that trivializes E, and {¢; };¢s is a trivialization, then this same data trivializes &,
so & is locally free of rank n. O

Exercise 9.21. Let E be a vector bundle on X in Sp, with associated locally free sheaf £.
Show that for every point x € X there is a canonical isomorphism of KK-modules

E(x) =K ®0x .« Ex.
Here E(x) is the fiber at x, and &, is the stalk at x, which is a module over the ring Ox .

Definition 9.22. Let (X, Ox) be a ringed space. The full subcategory of Mod Ox on the
finite rank locally free sheaves is denoted by LFMod Ox.

Theorem 9.23. Let X € Sp. The assignment
ShSey : Vec/X — LFMod Ox
is an equivalence of categories.

The proof will be given next week.
For the proof we will need the next general result.

Theorem 9.24. The following are equivalent for a functor F : C — D.

(i) F is an equivalence.
(ii) F is fully faithful, and essentially surjective on objects.

Exercise 9.25. Prove the theorem. (Hint: use the axiom of choice to construct a quasi-
inverse of F.)
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Lecture 8, 12 Dec 2018 ‘

Today’s lecture turned out to be dedicated to reviewing earlier material and expanding
it.

Our first topic is solving Exercise [0.7] For this we introduce the category Mod™™ Oy of
presheaves of Ox-modules. It is defined just like in Definitions [9.2] and 0.3] except the
objects are presheaves.

Lemma 9.26. Given M € ModP™ Oy, the sheaf of abelian groups Sh(M) has a unique
structure of Ox-modules such that Ty : M — Sh(M) is Ox-linear.

Proof. Take an open set U C X. An element f € I'(U, Ox) induces, by multiplication, a
homomorphism of presehaves

f(=): My - Mly.
This is viewed as a morphism in Ab},°. Applying the functor Sh we get a morphism
f+(=) : ShiMly) — Sh(M|y)
in Aby;. But Sh(M|y) = Sh(M)|y, and so we obtain a homomorphism of abelian groups
f-(=):T(U,Sh(M)) — T'(U, Sh(M)).

A little checking shows that this gives I'(U, Sh(M)) a structure of a ['(U, Ox)-module. As
U changes we get an Ox-module structure on Sh(M). And it respects Tp4.
The uniqueness can be checked in stalks. O

Lemma 9.27. There is a functor
Sh : ModP™ Ox — Mod Ox
that respects the forgetful functor to Aby.

This is an immediate consequence of the previous lemma.
Now back to our exercise. We are given a homomorphism ¢ : M — A in Mod Ox. On
every open set U we get an exact sequence

0 — T(U, Ker"™(¢)) — T(U, M) % T(U, N') = T(U, Coker”™(¢)) — 0.

This makes both T'(U, KerP(¢)) and T'(U, Coker?®(¢)) into I'(U, Ox)-modules. As U
varies we get
KerP™(¢), Coker?®(¢)) € ModP™ Ox.

But
Ker(¢) = KerP(¢),

so it is in Mod Ox. By Lemma we know that
Ker(¢) € Mod Ox.
This concludes Exercise[9.7]

Next we talked about Exercise 0.21] Here I forgot to tell you what is the K-ring
homomorphism Ox , — K. It comes from the next proposition.

Proposition 9.28. Let X € Sp and x € X.
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(1) There is a unique K-ring homomorphism
evy : Oxx — K

such that for every open neighborhood U of x and every function f € T'(U, Ox),
with germ fy € Ox.x, there is equality

evx(fe) = f(x) € K.

(2) Let my := Ker(evy). Then my is the only maximal ideal of the ring Ox x, and
hence this is a local ring.

We sometimes write
k(x) = OX,x/mx,
and call it the residue field of x. In our three geometries we always have k(x) = K; but
later, in schemes, this will usually not be the case.
Exercise 9.29. Prove this proposition.

Now I can again give you:

Exercise 9.30. Let X € Sp, and let E be a vector bundle on X, with associated locally free
sheaf £. Show that for every point x € X there is a canonical isomorphism of KK-modules
E(x) = K®o, , .

Here E(x) is the fiber at x, and &y is the stalk at x, which is a module over the ring Ox .
(I talked about this in class, but please write it in full.)

The last topic is about Exer [8.36] Here is a possible solution (perhaps the simplest
one). It is like what Yotam and Hezi wrote, but without the irrelevant stuff (the two extra
components).

Take X := A!(K) € Sp and

E=F:=A'(X)= X xA'(K) = A/(K) x A} (K).
A point in E is a pair (x, e), where x, e € K. The projection is g : E — X, ng(x,e) = x.
Likewise for F'. The vector bundle map we choose is
¢:E—>F, ¢(x,e):=(x,x-e).

If x = O then in the fiber the homomorphism E(x) — F(x) is 0. If x # O then the
homomorphism E(x) — F(x) is bijective. We see that the kernels and cokernels have
different ranks as x changes (either O or 1). If there were vector bundles E’ and F’, with
maps a : E/ — E and 8 : F — F’, such that the sequence

05 E(x)SEDNSF D Py -0
is exact for every x, then the ranks would be constant.

Let’s now be smarter, and analyze this situation using sheaves. The sheaves of sections
of E and F are £ and F respectively. The homomorphism ¢ : £ — F in Mod Ox has a
kernel and a cokernel, say K := Ker(¢) and C := Coker(¢). They sit in this exact sequence
(9.31) 0okSelrleso

in Mod Ox. We can calculate these sheaves.
Let us introduce the coordinate function

t:AYK) =X - K,
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which is nothing but the identity of K is disguise, i.e. #(x) = x. But it will be good to have
notation for it, as a global section of Ox. Indeed, as a homomorphism of Ox-modules,

¢ €= Ox - F = Ox
is multiplication by 7.

Claim 1. The homomorphism ¢ is injective (so K = 0). Let’s see why. Take a point x € X.
To prove that

¢x:£x=OX,x_)Fx=OX,x
is injective is the same as to prove that the germ ¢, € Ox  is not a zero-divisor. There
are two cases. First assume x # z, where z is the origin (i.e. #(z) = 0). In this case ¢, is
invertible in Ox x, so a fortiori it is not a zero-divisor.

Now take x = z. Here t; € mg, so it is not invertible. Let f, € Ox , be a germ, and
assume that 7, - f; = 0 in Ox ;. We will show that f, = 0. Now f; has some representative
f € T'(U,Ox) on a neighborhood U of z, and f,-f, = 0 means that on some smaller
neighborhood V of z we have t|y - fly = 0in I'(V,Ox). Sot(y)-f(y) =0 forall y € V.
But #(y) # Oforall y € V — {z}, so f(y) = 0 for all y € V — {z}. By continuity we get
f(z) =0too. So f =0inT'(V, Ox), and thus f; = 0 in the stalk.

Claim 2. The sheaf C is supported on the closed set Z := {z}, so it is a "skyscraper sheaf".
Indeed, by the calculations above for every x there is a short exact sequence

05 & =O0xx 29 7L = 0y — = 0.

SoC, =0if x # z, and
C. = OX,Z/(tz) #0.
The actual structure of the stalk Cy is clear only when Sp = Var. In this case the element 7,
generates the maximal ideal m,, so C; = k(z) = K. But in the other geometries there are
rapidly decaying functions in m_, like exp(—¢~2), that are not divisible by ¢; and hence C, is
bigger.
From the two claims we see that for every x € X — {z} there is an exact sequence

tx()
0—-& — F,— 0.

Passing to the fibers, i.e. tensoring with k(x) = K, we get an exact sequence

0 &) 5 Fx) -0,

Just as expected.
But for x = z something interesting happens. We have the short exact sequence of

Ox,.-modules
tz+(-)

0—-& —— F,—>C,—0.
Now the functor k(z)®0, . (—) is right exact, so we get this exact sequence of k(z)-modules:

k() @0y . & 2L k(2) @0, . & — k(2) ®oy . C; — 0.

To close it up to an exact sequence we use the long exact sequence of the left derived functor
Tor, plus the fact that

Tor, % (k(z), F;) = 0
We obtain this exact sequence of k(z)-modules:
(9.32)
0 — Tor, Ox.2 “(k(2),C;) = k(2) ®0oy . & &0, k(z) ®oy . & — k(z) ®oy . C; — 0.

We need to figure out what are Tor, Ox.2 (k(z),C;) and k(z) ®0y . C;.
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But we already know that
k(z) ®oy , & = k(z)
and
k(z) ®oy . Fz = k(2).
Also #(z) = 0. We conclude that
k(z) ®oy . C; = k(2)

and
Tor(** (k(2).C;) = k(z).
Thus (9.32)) becomes this exact sequence
E] 0 =
0—> k(z) = k(z) > k(z) > k(z) — 0.

This agrees with what we saw in the more simplistic discussion above, but now we under-
stand where the first k(z) comes from: it is the value of a derived functor.
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Lecture 9, 19 Dec 2018 ‘

This lecture will start with a couple of general constructions on ringed spaces. After
that we’ll talk about homework.

Proposition 9.33. Ler (X, Ox) be a ringed space, and let M, N € Mod Ox. There is an
Ox-module Homo,, (M, N') such that

LU, Homoy (M, N)) = Hommeq 0, (Mlu, Nu)
for every open set U C X.

Exercise 9.34. Prove Proposition[9.33]

It is convenient, and customary, to write
Homx (M, N) := Hommoed 0, (M, N)

and
Homx (M, N) := Homo, (M, N).

Definition 9.35. Let (X, Ox) be aringed space. Given M, N € Mod Ox we let M Qn, N
be the Ox-module associated to the presheaf

U T(U,M) ®rw,ox) r'(u,N).

Exercise 9.36. In the setting of the definition above:

(1) Prove that for every point x € X there is a canonical isomorphism of Ox_x-modules
(M ®(’)x N)x = Mx ®OX,,X Nx'
(2) Show that is M and N are locally free Ox-modules then so is M ®o, N.

Exercise 9.37. Let (X, Ox) be a ringed space over KK, and let M be an Ox-module. Prove
that M is a free Ox-module of rank r iff

M = Ox ®ky Mx,
where M is a free IK-module of rank r, and My is the associated constant sheaf.

The next exercisees were in an email last week.

Exercise 9.38. Find an example of a ringed space (X, Ox), and a short exact sequence E
in Mod Ox consisting of locally free sheaves, that is not split.

Exercise 9.39. Prove that when (X, Ox) is a compact manifold in Mfld, then every short
exact sequence of locally free sheaves is split. (Hint: partitions of unity.) (This also works
for (X, Ox) in Top, when X is a compact metric space.)

The next example is a solution of Exer[9.38]
Example 9.40. Here is an example of a short exact sequence
(E) N VR VN

of locally free sheaves that is not globally split. This is in the setting of Sp = Var. The
example will also take us on a tour into algebraic geometry.
The variety X is the projective line P!(K). The homogeneous coordinates are #y, ¢;. Let

Up := {to £ 0} = {(1,2) | 1 € K} € P}(K)

and
Ui = {t #0} = {(r, 1) | p € K} € P(K).
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These are affine open sets, and
Up U U; = PY(K).
Consider the rational function

t:=1/t.
It has a zero of order 1 at the origin
xo =(1,0) € Uy
and a pole of order 1 at infinity
X = (0,1) € Uy.

At all other points ¢ does not have a zero or a pole.
The rings of functions on the important affine open sets are

I'(Uo, Ox) = K[1],
[(U1,0x) = K[ ™'],
and
[(UyN Ui, Ox) = K[t,t7'].
The function field of X is the field
k(X) = K().

For every nonempty affine open set U C X the field k(X) is the field of fractions of the
integral domain I'(U, Ox).

Let k(X)* be the set of nonzero elements of k(X), i.e. its multiplicative group. For a
rational function f € k(X)* and a point x € X we write

9.41) ord,(f) := order of vanishing of the function f at the point x .

Thus ord,(f) > 0 if f has a zero at x, and ord,(f) < 0 if f has a pole at x.
Note that

(9.42) Ox,x = {f € k(X)* | ordy(f) > 0} U {0} C k(X)
and
(9.43) m, = {f € k(X)* | ord(f) > 0} U {0} C k(X).
We can consider k(X) as a constant sheaf of rings on X, and then
Ox C k(X).

This inclusion allows the following description: every nonempty open set U € X we have
[(U,0x) ={f € k(X)*| f has no poles in U} U {0}
(9.44) _ m Oxx.

For a nonzero rational function f and a subset U C X we define the divisor to be the
element

(9.45) divy (f) := Z ordy(f)-x € @ Z-x = Fn(U. 2).

xeU xeU

In the free Z-module Fg,(U, Z) we write d > e if d(x) > e(x) for all x € U. Thus (9.44)
can be rewriten as

I(U.0x) = {f € k(X)* | divy(f) = 0} U {0}.
For V € U we have the restriction homomorphism:

Fﬁl’l(U’ Z) - Fﬁn(vv Z)7 e €|V
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For every j € Z we define the subsheaf O(j) C k(X) as follows:
(9.46) LU, 0())) := {f € k(X)* | divu(f) = (=j-xe)ltr} U {0}
This means that a nonzero rational function f belongs to I'(U, O(j)) if these conditions
hold:

e f hasno polesin U — {x}.
o If x,, € U, then f must vanish to order > —j at x.,. L.e. a pole of order at most j if
Jj =0, and a zero of order at least —j if j < 0.

This is a locally free Ox-module. In fact,

(9.47) ONlv, = Oxlu, S k(X)
and
(9.48) 0Ny, = Oxlu, ¥ € k(X).

It is clear that there are inclusions of Ox-modules
O0()ycoG+1)C - k(X).
This means that multiplication by the rational function 1 € k(X) belongs to the K-module
Homx (O(j), O(j + 1)).
In fact:
(9.49) Homx(O(), 0(j + 1)) = (K-1) & (K-1).
We can finally exhibit the exact sequence E in Mod Oy. It is this:
7] 2 11160
(E) 0 — Ox(=2) ——— Ox(-1)®» ——5 0x — 0.
Here we view the direct sums as column modules, and they are acted upon from the left by
matrices of morphisms, using formula (9.49).
Exercise 9.50. This exercise is an elaboration of the last example.
(1) Explain how X = P!(K) is the gluing of the ringed spaces (Up, Oy, ) and (U;, Oy, ).
(2) Prove formula (9.44).
(3) Prove that (9.46) defines an Ox-submodule of k(X).
(4) Prove (9.47) and (9.48). Exhibit the gluing isomorphism for O(j) on Uy N U;.
(5) Find a K-basis for I'(X, O(j)). (Hint: you should get
rankg (I'(X, 0(j))) = j + 1
for j > 0, and
rankg(I'(X, 0(j))) = 0

forj <0.)

(6) Verify formulas (9.47), (9.48)) and (9.49).
(7) Show that

O(j) ®ox O(k) = O(j + k)
and
Homx (O(j), O(k)) = O(k = j).

(8) Verify that E is indeed an exact sequence. Do this by writing out E|y,, fori = 0, 1,
explicity as a sequence of free modules over the ring I'(U;, Ox), and show that
E|y, is split exact.

(9) Use (5) to prove that E is not split in Mod Ox.
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Here is a complement on derivations, a follow up to Rem[8.31]

Example 9.51. Take Sp = Mfld. In Rem we said that for a manifold X, the sheaf of
sections of the tangent bundle TX is the sheaf 7x of derivations of Ox.

When considered as a sheaf of Rx-modules, the sheaf Tx has a Lie algebra structure.
Namely for every open set U the R-module I'(U, Tx) is a Lie algebra, and the Lie brackets
respect restriction to open sets. The formula is quite easy — see Exer[9.52]below.

Suppose G is a group object in Mfld. Le. G is a Lie group. The identity element is
e € G. The tanget space T, G is called the Lie algebra of G, with notation g. Let’s see how
g gets a Lie algebra structure.

The tangent sheaf 7¢ is trivial. In fact there are two (in general distinct) trivializations
of it. The group G acts on I'(G, Tg) by left translations, and we denote by I'(G, 7)® the
R-module of invariant sections, namely the left invariant vector fields on G. The canonical
homomorphism

[(G,76) = T.e > R®o;, TG,e = T.G=g
induces a bijection
I(G,76)° = g.
In this way we get an embedding
g - I'(G, Tg)
that can be viewed as an embedding of sheaves
96 — Tc

where g is the constant sheaf g on G. It turns out that the induced Og-module homomor-
phism
Oc ®r 96 — Tc
is an isomorphism. This shows that 7 is a free Og-module (see Exer[0.37). A calculation
shows that the subsheaf gg of 7 is closed under the Lie bracket. Under the canonical
isomorphism
9= (96)e
there is a Lie algebra structure on g.
The other option is to look at right invariant vector fields on G.

Exercise 9.52. Now (X, Ox) is a ringed space over K, for some commutative ring K.
By this we mean that Oy is a sheaf of K-rings, or in other words, there is a given ring
homomorphism Kx — Ox. Consider the sheaf of rings Endi, (Ox).

(1) Suppose
¢,¢ € T(U, Endky (Ox))
are derivations of Oy = Ox|y, for some open set U. Show that
[p.¢]:=dpoy—yYod
is also a derivation of Oy .
(2) Conclude that Derg(Ox) is a sheaf of Lie algebras on X.
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