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mixvewn zepexzt - h"qyz 'a cren ,mkqn ogan - (20110021) 2'` `"ecg

.A ly zinipt dcewp dpid ( 1
2 ,

1
7 ) dcewpd ik e`xd .A = {(x, y) ∈ R2 | x2 ≥ y ≥ x3} onqp ('wp 15) (`) .1

xnelk ,(x0, y0) ∈ Br(( 1
2 ,

1
7 )) ik gipp .Br(( 1

2 ,
1
7 )) ⊂ A ik d`xp .r = 1/1000 xgap :oexzt

-yp .x2
0 > y0 > x3

0 xnelk ,(x0, y0) ∈ A ik ze`xdl jixv .
√

(x0 − 1
2 )2 + ((y0 − 1

7 ) < 1/1000

oke x2
0 > ( 1

2 −
1

1000 )2 ,ok m` .|y0 − 1
7 | < 1/1000 oke |x0 − 1

2 | < 1/1000 ik miiwzn ,hxtay al mi
( 1
2−

1
1000 )2 > 1

7+ 1
1000 ik ze`xdl witqn ,ok m` .17+ 1

1000 > y0 >
1
7−

1
1000 ,ok enk .( 1

2+ 1
1000 )3 > x3

0

:ik (miixbeq zgizt ici lr) al miyp ,oey`xd oeieey-i`d xear . 17 −
1

1000 > ( 1
2 + 1

1000 )3 oke
-i`d xear .yxcpd oeieey-i`d lawzn , 14 −

1
7 = 3

28 > 2
1000 -y oeeikne ,( 1

2 −
1

1000 )2 = 1
4 −

1
1000

oeeikn oeieey-i` lawp aeye ,( 1
2 + 1

1000 )3 < 1
8 + 1

1000 ik ciin d`xpe miixbeq gztp ,ipyd oeieey
. 17 −

1
8 >

1
500 -y

xicbp ('wp 10) (a)

. f(x, y) =


1√

x2 + y2
·

(
x2y sin

(
1√

x2 + y2

)
+ y2x

)
| (x, y) 6= (0, 0)

0 | (x, y) = (0, 0)

.(0, 0) dcewpa zilia`ivpxtic f ik e`xd

,0-a 0 od dly zeiwlgd zexfbpdy ixd ,mixivd lr 0 jxrd z` zlawn divwpetdy oeeikn :1 oexzt

idi . lim
(x,y)→0

f(x, y)− f(0, 0)√
x2 + y2

= 0 ik ze`xdl jixv ,ok m` .0 `ed ,yi m` ,ix`pild aexiwd okle

f`
√
x2 + y2 < δ m` ik miiwzn (x, y) 6= (0, 0) lkly jk δ > 0 `evnl jixv .ε > 0

,zeix`let zehpicxe`ew zxfra divwpetd z` `hap .f(0, 0) = 0 ik al miyp .

∣∣∣∣∣f(x, y)− f(0, 0)√
x2 + y2

∣∣∣∣∣ < ε

:ik miiwzn θ lkle r < δ lkly jk δ > 0 miiw ik ze`xdl epilry al miype∣∣∣∣ 1
r2
r3(cos2(θ) sin(θ) sin(1/r) + cos(θ) sin2(θ))

∣∣∣∣ < ε

lr meqg divwpetl iehiad okle ,θ, r lkl | cos2(θ) sin(θ) sin(1/r)+ cos(θ) sin2(θ)| ≤ 2-y al miyp

.yxcpd z` zniiwn δ f` ,δ = ε/2 xicbp m` okle , 2r
3

r2 = 2r ici

,f(0, 0) = 0 ik al miyp .f(x, y) = f(0, 0)+
∂f

∂x
(0, 0)x+

∂f

∂y
(0, 0)y+ε(x, y)

√
x2 + y2 bivp :2 oexzt

xear ε(x, y) =
f(x, y)√
x2 + y2

=
x2y sin( 1√

x2+y2
) + y2x

x2 + y2
,okl .(?dnl)

∂f

∂x
(0, 0) =

∂f

∂y
(0, 0) = 0 oke

okle ,1 ici lr dneqg qepiqd ziivwpet .ε(0, 0) = 0-e (x, y) 6= (0, 0)

|ε(x, y)| ≤ |x
2y|+ |y2x|
x2 + y2

= (|x|+ |y|) |xy|
x2 + y2

≤ 1
2
(|x|+ |y|)

.(0, 0)-a zilia`ivpxtic f(x, y) okle lim
(x,y)→(0,0)

ε(x, y) = 0-y o`kn

r > 0 zeqpkzd qeicx mr zewfg xeh
∞∑
n=0

anx
n m` :zicbp `nbec zxfra ekixtd e` egiked ('wp 15) (`) .2

zewfgd xeh ly zeqpkzdd qeicx f` n > 1 lkl
1
n
< bn < n zniiwnd mixtqn zxcq bn-e

.r `ed mb
∞∑
n=0

anbnx
n

okle , 1n < bn < n ,dzr .r =
1

lim sup |an|1/n
ik epl reci :dgked .dpekp dprhd :oexzt

llkny ixd , lim
n→∞

(
1
n

)1/n = lim
n→∞

(n)1/n = 1-y oeeikne ,n > 1 lkl
(

1
n

)1/n ≤ b
1/n
n ≤ (n)1/n

onqp ,z`f ze`xl ick .lim sup |anbn|1/n = lim sup |an|1/n-y o`kn . lim
n→∞

b
1/n
n = 1 mb 'uiacpqd

,|ank
|1/nk = cnk

/b
1/nk
nk f` ,k →∞

)
cnk

= lim sup cn-y jk nk dxcq zz xgap .cn = |anbn|1/n



2

.lim sup cn ≥ lim sup |ank
|1/nk-y o`kn . lim

k→∞
|ank
|1/nk = lim sup cn mby ixd lim

k→∞
b
1/nk
nk = 1-y oeeikne

-y lawp f` , lim
k→∞

|amk
|1/mk = lim sup |amk

|1/mk-y jk mk dxcq zz xgap m` ,dnec ote`a

epl mipzep mipeieey-i`d ipye ,lim sup cn ≤ lim sup |amk
|1/mk okle lim

k→∞
cmk

= lim sup |amk
|1/mk

ly zeqpkzdd qeicx okle ,
1

lim sup |anbn|1/n
=

1
lim sup |an|1/n

= r-y o`kn .yxcpd oeieeyd z`

.r `ed mb ipyd zewfgd xeh

:xcazn e` i`pza qpkzn ,hlgda qpkzn `ad xehd m`d eraw ('wp 10) (a)

∞∑
n=2

log
(

1 +
(−1)n

n

)
.irahd mzixbeld z` onqn log xy`k

,log(1 +
(−1)n

n
) = log(

2k + 1
2k

) = log(2k + 1)− log(2k) ,(ibef n) n = 2k m`y al miyp :1 oexzt

.log(1 +
(−1)n

n
) = log(

2k
2k + 1

) = log(2k)− log(2k + 1) ik miiwzn (ibef-i` n) n = 2k + 1 xeare

mixaegnd lk f` ibef m = 2j m`e ,
m∑
n=2

log
(

1 +
(−1)n

n

)
= 0 f` ibef-i` m = 2j + 1 m` okl

log-e lim
m→∞

1 +
1
m

= 1-y oeeikn .
m∑
n=2

log
(

1 +
(−1)n

n

)
= log(1 +

1
m

) f`e ,oexg`l hxt minvnhvn

,0-l qpkzn xehd okle ,0-l mit`ey (ibef-i` m xear mbe ibef m xear mb) miiehiad ipyy ixd ,dtivx
.qpkzn hxtae

xear ik lawp ,mcewd aeyigd zxfray al miyp ,z`f ze`xdl ick .hlgda `le i`pza qpkzn xehd

jxrd htynn .

2j+1∑
n=2

∣∣∣∣log(1 +
(−1)n

n
)
∣∣∣∣ = 2 ·

j∑
k=1

[log(2k + 1)− log(2k)] ik lawp ,ibef-i` m = 2j+1

.log(2k + 1)− log(2k) =
1
ck

-y jk ck ∈ (2k, 2k + 1) miiw k lkl ,rvennd

d`eeyd ici lr lynl) lim
j→∞

j∑
n=2

1
2j + 1

=∞ xehd ik epl recie ,log(2k+1)− log(2k) ≥ 1
2k + 1

okl

.(ipenxdd xehl

| log(1+x)−x| ≤ Kx2 ik miiwzn x ∈ [−1
2
,
1
2
] lkly jk K > 0 reaw yi ,xeliih htynn :2 oexzt

.

∣∣∣∣log(1 +
(−1)n

n
)− (−1)n

n

∣∣∣∣ ≤ K/n2-y ixd ,n ≥ 2 lkl
(−1)n

n
∈ [−1

2
,
1
2
]-y oeeikn ,okl .(?dnl)

ick .hlgda qpkzn
∞∑
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[
log(1 +
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n
)− (−1)n

n

]
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∞∑
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K

n2
xehdy oeeikn
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an-e cn = an+bn-y jk an, bn, cn zexcq zepezp m` ,illk ote`ay al miyp ,z`f ze`xl

ixd ,qpkzn
∞∑
n=2

(|an|+ |bn|)-e ,|cn| ≤ |an|+ |bn|-y xg`n f` hlgda qpkzn
∞∑
n=2

bn m` f` ,hlgda

,|bn| ≤ |cn|+ |an| okle ,bn = cn − an ,dnec ote`a .hlgda qpkzn
∞∑
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∞∑
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∞∑
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cn m` okle

∞∑
n=2

cn ,mcew epi`xdy dnn j` ,qpkzn
∞∑
n=2

cn mb f` qpkzn
∞∑
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an-y oeeikn f` ,i`pza qpkzn

∞∑
n=2

bn f` i`pza qpkzn
∞∑
n=2

cn m` ,dnec ote`a .i`pza qpkzn
∞∑
n=2

cn okle ,hlgda qpkzn epi`

.i`pza qpkzn
∞∑
n=2

(−1)n

n
xehd ,dzr .cgia mixcazne miqpkzn

∞∑
n=2

(−1)n

n
-e
∞∑
n=2

log(1+
(−1)n

n
) mixehdy o`kn

mipniqde okle ,0-l zt`eye zcxei zipehepen dxcq mieedn ely mihlgend mikxrd - i`pza qpkzn
xehdy o`kn .xcazny ,ipenxdd xehd `ed mihlgend mikxrd xeh j` ,qpkzn `ed okle ,mitlgzn

.i`pza qpkzn oezpd
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onqp .dtivx divwpet f : A→ R idz .zihwtnew dveaw A ⊂ R2 idz ('wp 15) (`) .3
.zihwtnew Gf ik e`xd Gf = {(x, y, z) ∈ R3 | (x, y) ∈ A , z = f(x, y)}

.Gf -a xai`l zqpkznd dxcq zz dl yi ik ze`xdl yi .dxcq vn = (xn, yn, zn) ∈ Gf idz :oexzt
dcewpl zqpkznd (xnk

, ynk
) dxcq zz (xn, yn)-l yiy ixd ,(xn, yn) ∈ A-e zihwtnew A-y oeeikn
-y ixd ,dtivx f-y oeeikn .z0 = f(x0, y0) onqp .idylk (x0, y0) ∈ A

-l zt`ey vnk
= (xnk

, ynk
, znk

) okle , lim
k→∞

znk
= lim
k→∞

f(xnk
, ynk

) = f(x0, y0) = z0

.yxcpk ,(x0, y0, z0) ∈ Gf
ici lr f : R2 → R xicbp ('wp 10) (a)

. f(x, y) =


exy − 1
|x|+ |y|

| (x, y) 6= (0, 0)

0 | (x, y) = (0, 0)

.(0, 0) dcewpa dtivx f m`d eraw

m` ,(x, y) lkly jk δ > 0 `evnl epilr ε > 0 ozpda ,z`f ze`xl ick .0-a dtivx divwpetd :1 oexzt

lkly jk δ miiwy ze`xdl mivex ep` ,zeix`let zehpicxe`ewa .|f(x, y)| < ε f`
√
x2 + y2 < δ

.

∣∣∣∣∣ er
2 cos(θ) sin(θ) − 1

r(| cos(θ)|+ | sin(θ)|)

∣∣∣∣∣ < ε ik miiwzn `edy θ lkle r < δ

lkly jk δ miiw ik ze`xdl witqn okle ,| cos(θ)|+ | sin(θ)| ≥ cos2(θ) + sin2(θ) = 1 ik al miyp

K > 0 reaw yi ,rvennd jxrd htynn .

∣∣∣∣∣er
2 cos(θ) sin(θ) − 1

r

∣∣∣∣∣ < ε ik miiwzn θ lkle r < δ

ly menixteqd zeidl K z` zgwl xyt`) |et − 1| ≤ K|t| ik miiwzn t ∈ [−1, 1] lkly jk
ik miiwzn r < 1 lk xear ,okl .(K = e xnelk ,[−1, 1] rhwa et ly zxfbpd hlgend jxrd

.

∣∣∣∣∣ er
2 cos(θ) sin(θ) − 1

r(| cos(θ)|+ | sin(θ)|)

∣∣∣∣∣ ≤ |Kr cos(θ) sin(θ)| < Kr okle ,|er2 cos(θ) sin(θ)−1| < Kr2| cos(θ) sin(θ)|

.yxcpk δ > 0 eplaiw f` ,δ = min(ε/K, 1) xgap m` ,ok m`

-y al miyp . lim
(x,y)→(0,0)

f(x, y) = f(0, 0) = 0-y xnelk ,(0, 0)-a dtivx f ik d`xp :2 oexzt

okle ,dler zipehepen ϕ(t) = et divwpetd .|xy| ≤ 1
2 (|x|+ |y|)2

e−
1
2 (|x|+|y|)2 − 1
|x|+ |y|

≤ f(x, y) ≤ e
1
2 (|x|+|y|)2 − 1
|x|+ |y|

recn o`k xiaqdl aeyg ?dnl) (x, y) → (0, 0) m` wxe m` t → 0-y al miyp .t = |x| + |y| onqp
ik wecal witqn ,okl .(xexa ipyd cvd - (x, y)→ (0, 0) f` t→ 0 m`

lim
t→0

e−
1
2 t

2 − 1
t

= lim
t→0

e
1
2 t

2 − 1
t

= 0

.1'` `"ecga mzcnly milewiyn zelwa raep ok`y dn

. lim
n→∞

∫ 1

0

cos(xn)
1 + xn

dx = 1 ik e`xd .4

lkl ik al miyp .

∣∣∣∣∫ 1

0

cos(xn)
1 + xn

− 1
∣∣∣∣ < ε ik miiwzn n > N lkly jk N `evnl epilr ε > 0 ozpda :oexzt

,mirhw ipyl [0, 1] rhwd z` wlgp ,ok m` .0 ≤ 1 − cos(xn)
1 + xn

≤ 1 okle ,1 ≥ cos(xn)
1 + xn

> 0 ,x ∈ [0, 1]

divwpetd ik mb al miyp .

∣∣∣∣∣
∫ 1

1−ε/2
1− cos(xn)

1 + xn
dx

∣∣∣∣∣ ≤
∫ 1

1−ε/2
1dx = ε/2 ik lawp .[1−ε/2, 1]-e [0, 1−ε/2]

x ∈ [0, 1−ε/2] lkl okl .(dler dpknde cxei dpend) [0, 1] rhwa zcxei zipehepen f(x) = cos(x)/(1+xn)

f(x) divwpetdy oeeikne , lim
n→∞

(1 − ε/2)n = 0-y oeeikn .1 ≥ cos(xn)
1 + xn

>
cos((1− ε/2)n)
1 + (1− ε/2)n

ik miiwzn

,zeipehependn .1 ≥ f((1−ε/2)n) > 1−ε/2 ik miiwzn n > N lkly jk N miiwy ixd ,f(0) = 1-e dtivx
miiwzn n > N lk xear ,ok m` .1 ≥ f(xn) > 1− ε/2 ik miiwzn x ∈ [0, 1− ε/2]-e n > N lkl ik lawp

ik miiwzn n > N lkly o`kn .

∣∣∣∣∣
∫ 1−ε/2

0

1− cos(xn)
1 + xn

dx

∣∣∣∣∣ ≤
∫ 1−ε/2

0

ε

2
dx = (1− ε/2) · ε/2 ik

∣∣∣∣∫ 1

0

cos(xn)
1 + xn

dx− 1
∣∣∣∣ =

∣∣∣∣∣
∫ 1−ε/2

0

1− cos(xn)
1 + xn

dx

∣∣∣∣∣+
∣∣∣∣∣
∫ 2

1−ε/2
1− cos(xn)

1 + xn
dx

∣∣∣∣∣ ≤ (1− ε/2) · ε/2 + ε/2 < ε
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.yxcpk

.x ∈ R lkl |g(x)| < D-e |f(x)| < C-y jk C,D > 0 mireaw yie ,zeivwpet f, g : R → R ik gipp .5
onqp .deey dcina gn → g-e fn → f-y jk zeivwpet zexcq n = 1, 2, 3, ... ,fn, gn : R → R dpiidz

.deey dcina hn → h ik e`xd .h(x) = f(x) · g(x) ,hn(x) = fn(x) · gn(x)
.|hn(x) − h(x)| < ε ,x ∈ R lkl ik miiwzn n > N lkly jk N `evnl miex ep` ε > 0 ozpida :oexzt

,x ∈ R lkl ik miiwzn n > N1 lkly jk N1 yi ,deey dcina fn → f-y oeeikn ,ziy`x
miiwzn n > N2 lkly jk N2 xgap .|fn(x)| < |f(x)| + 1 < C + 1 hxta okle ,|fn(x) − f(x)| < 1
,x ∈ R lkl ik miiwzn n > N3 lkly jk N3 xgap .|gn(x) − g(x)| < ε/2(C + 1) ,x ∈ R lkl ik

,x ∈ R lkl ik miiwzn n > N lkl f` ,N = max{N1, N2, N3} xicbp .|fn(x)− f(x)| < ε/2D

|hn(x)− h(x)| = |fn(x)gn(x)− f(x)g(x)| = |fn(x)(gn(x)− g(x)) + g(x)(fn(x)− f(x))|

≤ |fn(x)| · |(gn(x)− g(x))|+ |g(x)| · |(fn(x)− f(x))| < (C + 1) · ε

2(C + 1)
+D · ε

2D
= ε

.yxcpk


