Prof. Arkady Leiderman
Fundamentals of Analysis for EE

Homework 3

Question 1. Let X be any non-empty set and { B : o € A}is a family of o —algebras

of subsets of X . Prove that the intersection N{B,:a € A} isalso a o —algebra.

Question 2. Denote by B(RR) the o — algebra of Borel sets of the real line R.

If IC is any family of subsets of R, then o(/C) denotes the minimal (with respect to inclusion)
o —algebra, which contains /C. Prove that B(R) =o(KC,))=0(/,) =o(K,), where

IC,- collection of all open intervals (a,b) in R;

IC - collection of all closed intervals [a,b]in R;

IC .- collection of all half-open half-closed intervals [a,b) in R.

Question 3. Let X be any set with the cardinality bigger than x .
Define a family F of subsets of X : F={Ac X:|A|<x,0r | X\ A|<x,} and

1 | XVARK,

. Prove that (X, F, u) is a measure space.
0 |AKN, X, Fp) P

define u(A) ={

Question 4. Give an example of aset X =& such that x4 defined by the following rule:
o if| AKX,

, IS not a measure.
0 it| AlKY,

for any subset Ac X, ,u(A)={

Question 5. Let X be any non-empty set. Fix a point pe X . Define x4 on the o —algebra of
all subsets P (X) by the following rule: if pe A then u(A)=1;if pg A then u(A)=0.

Prove that (X, P (X), #) is a measure space. (Such g is called an atomic measure).
Question 6. Let (X, B, i) be any measure space. Assume that A € B for everyi=1,2,3,...

(@) Prove thatif A c A c A,c..c A c.., then y(.[_'jlpﬁ) = lim u(A,).

(b) Prove thatif Ao A 2A, 2..2A,2...,and u(A)<w,then y(éAi) = Lmy(A]).

Does the claim (b) hold without an assumption that u(A,) < ?



Question 7. Let x denotes the Lebesgue measure in the real line R.

(a) Give an example of a set Ac R such that A is not bounded and u(A) =1;

(b) Give an example of a compact set Ac R such that | A|=2% and u(A)=0;

(c) Give an example of a compact set Ac R such that | A|=2", the set A does not
contain any interval but x(A) > 0.

Question 8. Let x4 denotes the Lebesgue measure in the real line R.

Prove that the following properties are equivalent
(@ Ac Risa Lebesgue measurable set;
(b) For every &> 0 there exists an openset AcU suchthat g(U\A)<¢;

(c) For every &> 0 there exists a closed set F < A such that u(A\F)<e.

Question 9. Let x4 denotes the Lebesgue measure in the real line R.
Remind that a set Ais called G; if A=(H{U, :neN}, where each set U, is open,
and aset Aiscalled F_if A=U{F,:ne N}, where each set F, is closed.

Prove that the following properties are equivalent
(@) Ac R is a Lebesgue measurable set;
(b) A=G\M ,whereaset G is G; and g(M)=0;

(c)A=FUM ,whereaset F is F_, and g(M)=0.

Question 10. Let z denotes the Lebesgue measure in the real line R and
Ac Ris a Lebesgue measurable set. Denote by A+ x={a+ X:ae A}cR.
Prove that the set A+ x is also Lebesgue measurable and u(A) = u(A+ X)

for every x € R, which means that the Lebesgue measure in the real line R
is translation-invariant.



