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Representations for SO,

D. Ginzburg* and E. Sayag!

0 Introduction

In recent years there is a growing interest in studying small representations and their appli-
cation to the Langlands Conjectures. The most well known example of this type is the theta
representation. One uses this representation to construct liftings from symplectic groups,
or their double cover, to orthogonal groups and vice versa. This representation, which is
defined on the double cover of the symplectic group, is associated with the minimal orbit.
This means that this representation supports very "few” Fourier coefficients. This is in fact,
the key ingredient which makes this and all other constructions work.

In the last few years there are many more examples of constructions of small representa-
tions. In [GRS1] the minimal representation for simply laced groups was constructed. Then,
in [GRS4], these representations were used to construct a tower of liftings for the exceptional
group Gs. A similar idea was used in [GRS5] to construct the descent map from G Ly, to
the classical groups. A more recent example of such construction was studied in [BFG]. In
that example the authors constructed a small representation for the double cover for odd
orthogonal groups.

The constructions of many of these example is done by studying residues of Eisenstein
series. One of the key steps is to understand the structure of the unramified constituent of
these residues.

In this paper we construct some new examples of small representations for the group
SOqp,. In fact we extend the construction done in [GRS1] for the minimal representation for
these groups. As mentioned above, and as explained in [GRS2] for symplectic group, one
can associate to a unipotent orbit a set of Fourier coefficients. In [GRS2] it is also explained

how to associate to an automorphic representation a set of unipotent classes.
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Our main goal in this paper is a construction of small representations for SOs,, which
are associated with the unipotent classes (2212(m=2)) for all 0 < i < m/ where m’ = m/2—1
if m is even and m’ = (m — 1)/2 — 1 if m is odd . This construction is done by studying
the residues of the Siegel Eisenstein series of SO,,,. More precisely, let P,, denote one of the
two standard parabolic subgroups of SO,,, whose Levi part is GL,,. Let FE,(g,s) denote
the Siegel Eisenstein series as defined in Section 2. In [KR] the poles of this Eisenstein
series were determined. This is our starting point. In Section 2 we establish the fact that
all these residues are square integrable and in case F' is a totally real field we show that
they fact are irreducible. We then study the unramified nature of each residue. We prove
that at unramified places the residue representation is a constituent of two different maximal
parabolic subgroups. In Section 3 we use this property to show that these residues supports
"few” Fourier coefficients. Our main result in that Section is Theorem A. In that Theorem
we prove that if O is any unipotent class which is greater or equal to (312™73) then all the
residues which we constructed has no nontrivial Fourier coefficient which corresponds to O.
We also prove some vanishing results corresponding to the unipotent classes (2%/12(m=21)) with
J > 1. In Section 4 we study some non-vanishing properties of these residues. In Theorem B
we prove that these representations have nonzero Fourier coefficients corresponding to the
unipotent class (2212(m=29),

A first possible application to the construction of these representations, is to obtain more
examples of liftings between split orthogonal groups. We hope to be able to use these liftings
to construct new examples of CAP representations. However, it is possible that we will need
to study other forms, not the split one, in order to achieve these liftings. As a second possible
application we hope to use these residues to study the poles of the standard L-function of a
cuspidal irreducible representation of SOy, (A) which is not necessary generic. We hope to
relate the existence of a pole to the non-vanishing of a certain period, thus extending some
of the results of [GRS6] to the non-generic case. In [GRS1], it is proved that the minimal
representation, in our case when ¢ = 1, is the theta lift of the identity representation from
SLy to SOy, As indicated in [HL] it is expected that the representations we construct will
be the theta lift of the identity function from Spy; to SO,,,. We hope to address these issues
in the very near future.

After completing this paper it was brought to our attention that Theorem A can be also
deduced from the local results of [We03].



1 Basic Definitions and Properties

Let SOs,, be the split orthogonal group. In term of matrices we will always consider this
group with respect to the form represented by the matrix with ones on the other diagonal. Let
F be a global field and A its ring of adeles. Let P,, be the maximal parabolic of SO,,, whose
Levi part is GL,,. Let E,,(g,s) = ZSOM(F)/PW(F) fs(vg) be the Siegel Eisenstein series where
fsel ndiging)(i}m is a standard section. It is well known that the series E,, (g, s) converges
on a right half plane. Moreover, it has simple poles at the points s,,; = (m —1—14)/(m —1)
Withogigm’wherem’:%—1ifmisevenandm’:@—1ifmisodd. Each of
these possible poles can be realized by an appropriate choice of a section f. The proof of all
this is contained in [KR].

Let E,,;(g) denote the residue of E,,(g,s) at the point s,,,;. We shall denote by E,,; the
corresponding representation. Here and elsewhere we will assume that 0 < i < m/. When
i = 0 we obtain the constant representation. In [GRS1] the residual representation FE,,; is
used to define the minimal automorphic representation of SO,,,. It is also shown there that
the representation E,,; is square integrable. Our first result is to extend this property to
the residues at the other points.

We have
Theorem 1: The residue representations I, ; are all square integrable.

Proof: We argue by induction, the case m = 3 being the base of the induction for which the
result is valid. Let @,,,,1 be the parabolic subgroup of SO,,, whose Levi part is GL; X SOa;,—2.

Let Uy, denote its unipotent radical. From [KR] we have the following inductive formula

m—1 m—1 1
(m=1)(1=s) pa  (}, — 1
2= s)+al f s ) (1)

CPl (Em((av h)v S)) = |a|(m_1)S m—l(ha

Here Cp, (E,,(g, s)) denotes the constant term along U,, 1 and (a, h) € GL; x SOgp,—s. Also,
E? (g, s) is the Eisenstein Series corresponding to P%, the parabolic subgroup associated to
P,,. Since a similar formula is applicable for E? (g, s) it is readily verified by induction that
this series has the same poles and the same exponents as E,(g, s).

Since our Eisenstein series is concentrated on the Borel, the criterion of square integra-
bility of [MW] asserts that if 1 is an exponent of our representation then 7]5];% should be
of the form )

exponents of £, ; obey this, we note that an easy calculation shows that any

wen Gat With a, < 0 for all simple roots . To check that the set P(m, 1) of

Yi

X(t(ay, ..., an)) = I |a;

with V1 <7 <m,y; > 0;y; > 0;y,,, = 0 can be represented as a sum along the simple roots,

X = >, Nae With n, all positive.



Now let P(m, i) denotes the set of vectors v = (vy, ..., vy, ) in Z™ such that n(t(ay, ..., an)) =
Iy |a;

plies the following algorithm to obtain P(m, i) recursively.

i is an exponents of the automorphic form E,,;. The inductive formula above im-

For j € 7,7 = (vq,...,v) € ZF, let us denote by j x @ the vector (j, vy, ...,v;) € ZF
Clearly, P(m, 0) consists of the zero vector 0 € Z™ and P(m,1) is formed from P(m—1,i—1)
and P(m—1,14) as follows: Assume 1 <4 <[] —1. If m is odd or if m is even and i # [%§] -1
we have

Pm,i)=(m—i—1)x P(m—1,i— 1)U (i) x P(m — 1,7)

m

>] — 1 we have

In case m is even and i = |
P(m,i)=(m—i—1)x P(m—1,i—1)

Note, that the three conditions above are to be checked for 61%377_1 where 7 is an exponent
of E,,;. Since 6%(15(@1, ) = " tal 2. a9 we will check that for any o € P(m, 1) that
the vector p,,— , with p,, = (m—1,m—2, ..., 0) satisfy the three conditions mentioned above.
Indeed, we may write ¥ = (j, uq, ..., Up—1) With @ = (uq, ..., up—1) € P(m—1,i—1)UP(m—1,1)
and j < m. note that py, —¥ = (m —1—j) x (p,1 — 1) and the three conditions are verified
by induction.

|

In the next Theorem we extend the result of [GRS1] regarding the irreducibility of the
residual representations. For the next theorem we assume that F'is a totally real number field
although we expect that the theorem, in fact the proof, is valid without this assumption.
The problem being lack of information about the exact structure of degenerate principal
series for the complex group SO(2m, ). At any rate we have
Theorem 2: Assume that F' is totally real field. Then the representations E,,; are all
irreducible.

Proof: We use an argument from [La-Ra]. The automorphic representation E,,; generated
by the residual Eisenstein series factors through I ndg;j?j)&)éfpm’i = Quly(Sm,i) With I,(sm) =
1 ndgfzgv)éfg’:’i. Now, the local representation I,(s,,;) has a unique irreducible quotient. In
the p-adic case this follows from [BJ], (proposition 5.2) while in the archimedean case this
follows from [John| (cf. [Lee-Loke]). Thus I,(s,,;) has a unique semi-simple quotient, and
a-fortiori a unique unitarizable quotient, and the latter is irreducible. Hence, the same is

true for ndggigd}im’i. On the other hand FE,, ; consists of square-integrable forms, and hence

it is unitarizable. Thus E,, ; is isomorphic to the unique unitarizable quotient of Ind P(A)

and hence irreducible.
[ |



We end this section with some local result. Let F' be a local place where the representation
E,,; is unramified. By abuse of notations we shall denote by E,,; this local representation.
We shall also suppress the reference to F' in the notations. Clearly this representation is
a constituent of the induced representation [ ndi%méf}m. We will now show that in fact,
this representation is a constituent of another induced representation. Let (), ; denote the
maximal parabolic subgroup of SOy, whose Levi part is GL; x SOs(;,—;). We now prove
» 51/2
is an unramified character of ),,; defined on the GL; component and extended trivially to
Qi
Proof: Let B,, be the Borel subgroup of SO,,,. We parameterize the maximal torus of
SOy, as t = diag(a1,ay, ..., am,a; ", ...,a;"). An easy computation shows that dp, (t) =

layag...a,|™ 1 and dp,, (t) = |a1|*™2|az|*™ .. ]am|®. We conclude that

dSOQm

Proposition 1: The local representation E,,; is a constituent of In . Here ;

i1 gy|3 . S| gy [2M 22

5BGLi><BSOQ(m_Z-) = ’al, : ’al‘ : |am’0

and thus

512

BGLi X BSO2<’"L* i)

i—1)/2 (fi+1)/2|aji+1|mfi71 .

= Jar |7 2ap| T2 -y Jam|”

Here, for a group G, we denote by B¢ its Borel subgroup.
Let p = 5_1/ 25%”. Thus E,,; is a sub-representation of I nds OQ’”/M We denote by
\det!aéé/j L }9/52 . where |det|® is defined as a character of GL;. Deﬁne the following
2(m—i

Weyl element w; = dzag(Ji,Jm_i,Jm_i,Ji) in SO,,, where J,, denotes the k x k matrix

/2

with ones on the other diagonal, and zero elsewhere. A simple computation shows that
twisting pu by w; gives us the character v_(1y/2. This means that £, ; is a constituent of

n dSOZm (v (i+1 /2(5 Bex, 5]13/5 202(m_i))(5}3/7721 . Induction by stages yields that E,,; is a constituent

of I ndg?f:" V_(i4+1) /25Qmi‘ From this the proposition follows. [ |

2 Vanishing of Fourier Coefficients of £, ;

In this section we will start our study of Fourier coefficients of the representations E,, ;. It
will be convenient to do it using the language of unipotent classes. We will now recall some
basic facts about these notions and their relations to Fourier coefficients.

In [GRS2] the connection between unipotent classes and Fourier coefficients of automor-
phic representations was studied in the case of the symplectic group. The correspondence
between these two notions is defined in a similar way in the case of orthogonal groups. We

now briefly explain this. Let O = (n; - --n,) be a unipotent orbit for SOs,,. This means that



ny >mng-+- >n, and ng + -+ - +n, = 2m. As explained in [C-M] each even number occurs
with even multiplicity. To such a unipotent orbit we associate a one dimensional torus ele-
ment in SOy, as follows. To each n; we consider the set {#™—1 =3 ... ¢=(n=3) ==y
Joining all these sets to one set and writing the elements in decreasing powers of ¢t we obtain
a torus element of SOy, which we denote by ho(t). Let V' denote the maximal unipotent
subgroup of SO, which consists of upper triangular matrices. The torus ho(t) acts on V.
On each one dimensional unipotent subgroup of V' which corresponds to a positive root, the
torus he(t) acts by multiplication by t* for some k& > 0. We let V(O) denote the unipo-
tent subgroup of V' which consists of all one dimensional subgroups such that ho(t) acts by
multiplication of t* with & > 2. As explained in [GRS2] to the group V(O) we associate a
family of characters ¥y (). In this way to each unipotent class O we can associate a family

of Fourier coefficients defined by

©(vg) v (o) (v)dv (2)
V(O)(F)\V(0)(A)

Here ¢ is a vector in some automorphic representation of the group SOy, (A).

Finally, as explained in [C-M], there is a partial ordering which is defined on the set of
all unipotent classes of the group SO,,,.

Our main result in this section is
Theorem A: Let O be any unipotent classes which is either greater or equal to the unipotent
class (312™73) or greater then (2%12(m=%)). Then the representation E,,; has non nonzero
Fourier coefficient with respect to these unipotent orbits. In other words, the integrals (2)
in which O is a unipotent classes as cited, vanish for any choice of p € E,, ;.

We will prove Theorem A in several steps. We start with
Proposition 2: Let O be one of the following unipotent classes:
(a) O = (312m73).
(b) O = (2¥120m=20)) with j > i.
(c) O = ((2ny)*r - -+ (2ny)**1%) where t > 0 and n; > 1.
Then the representation E,,; has no nonzero Fourier coefficient corresponding to the unipo-
tent orbit O.
Proof: To prove the proposition, we will show that a local unramified component of the
representation F,,; can not have a nonzero functional which corresponds to one of the above
unipotent classes. To do this we follow the proof of Lemma 2 in [GRS3].

For this proof only, let F' be a local field where the residue representation is unramified.
As in the proof of Proposition 1 we will write £, ; for the local component. From that

proposition it follows that E,,; is a constituent of two induced representations. From the

6



exactness of the Jacquet Functor it is enough to show that at least one of these induced rep-
resentations has no nonzero local functional which corresponds to one of the above unipotent
orbits. This is done by the Bruhat theory. Thus we have to prove the following. Suppose
that E,,; is a constituent of ndf{om Xd}%/ ? where R is one of the parabolic subgroups P,
or (), as defined in section one. Then we have to prove that the space of double cosets
R\SOy,,/V(0O) has no admissible elements. In our context, a double coset is not admissible
if for some representative v there exists v € V(O) such that ¢y @) (v) # 1 and yvy~! € R.
We start with case (a). Let e;; be the standard basis for Mats,, 0,,. We let Uy =
{Lom + T12€1 9 + -+ + T1om - 1€] 9,01 + 2€12m} Where €pi = €pj — Cam_ji12mpr1 and z
depends on the variables r; ;. Thus U; is the unipotent radical of the parabolic subgroup
whose Levi part is GL; X SOy(,—1). We define a character ¢, (u) = ¥(uy,m + atty m41) where
a € F*. It follows from the above description of the connection between unipotent orbits

and Fourier coefficients that the integrals

/ By (ug) s, (u)du (3)

Ur(F)\U1(A)

describe the integrals (2) for the case @ = (31?™73). Thus we have to show that (3) are zero
for all choice of data. We use the above local argument where we choose R = F,,,. That
is, R is the parabolic subgroup whose Levi part is GL,,. Clearly every representative of the
double cosets P,,\ SOz, /Uy is of the form wv where w is a Weyl element and v € V. Denote
uy(v) = Ipy + wel,, and uz(y) = lom + Y€} 4 - Then from the definition u,(x), uz(y) € Uy
and ¥ (ui(x)) = ¥(z) and ¥g (u2(y)) = ¥(ay). Assume first that the representative is
a Weyl element. A simple computations shows that if w = (wy, ;) is in SOy, then wy; =
Womt1—k2m+1—j- A matrix multiplication implies that either wu;(z)w™ € P, for all x € F
or wuy(y)w™t € P, for all y € F. From this it follows that w cannot be an admissible
representative. Let U{"H be the subgroup of U; such that r1 5 =+ = 71,41 = 0. Clearly,
the restriction of ¢, to U/"*' is trivial. Let wv be a double coset representative. It is
an easy matrix multiplication to show that given v € V, there is a v/ € U™ such that

! = wuy(z)uz(y). Using this we are basically reduced to the case of a Weyl

vug(x)ug(y)u'v-
element representative which we showed that it is not admissible. Thus wwv is not admissible
and we are done.

Next consider case (b). We first describe the group V(O) in this case. For any j > 1

define the unipotent group

I X
Lj:{ [Q(m_zj) : JXt+XJ:0}
Igj
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We define a character of L; by v,(l) = ¢(tr'x) where tr'c = 211 + --- + ;. Thus integral
(2) becomes in this case

B i(lg);(l)dl (4)

Lj(F)\L;(A)

In other words this is integral (2) for the unipotent class O = (22712("=2)). To handle
this case we use R = @,,,;. As above, we can choose the representatives for @, ;\SOap,/L;
to be wv where w is a Weyl element and v € V. For all 1 < k < j we define uy(yx) =
Igm—{—yke;g(m_j”k. We also define L’ to be the subgroup of L; such that x, , = 0 for all p > ¢.
Clearly, the restriction of 1; to L’ is trivial, and 9;(ux(yx)) = ¥(yx). Denote by Uy, ; the
unipotent radical of @,,; and let U, ; denote the opposite unipotent group to U, ;. Assume
first that the representative is a Weyl element w. Then it is easy to see that if wuy(yx)w ™! ¢
U, then wug(yr)w " € Qp,. Thus we have to prove that there is 1 < k < j such that
wuy(yr)w™! ¢ Ui~ To see this notice that as we vary k all variables y;, and —y; occur in
different rows and columns. In other words, if k; # ko then the variables y;, in the matrices
ug,; (yx,) are in different rows and columns. Since conjugation by w permutes the rows and
columns it follows that the same thing happens for all matrices wug(yx)w ™! with 1 < k < j.
However, from the definition of U, ; it follows that at most i of the matrices wuy,(yx)w™" can
be in U, ;. Since j > i it follows that at least for one k we have wuy(yx)w™"! € Qm.i- Hence
w is not admissible. Next we consider the general case, that is when the representative is
wv. This is done as in case (a). More precisely, a matrix multiplication shows that given v
there is an | € L) such that vuy(y1) - - u;(y;)lv™" = ui(y1) - - - u;(y;). Since we saw that w
cannot be admissible, it follows that wv is not admissible.

Finally we consider case (c). Since this case is similar to case (a) we just indicate the
group V(O) and the relevant characters in this case. Recall that O = ((2n)?* - - - (2ng)%*1%).
Since this is a unipotent orbit for SOy, the sum has to be even and hence t is even . Following
the general description as explained in [GRS2] we consider the parabolic subgroup of SO,
whose Levi part is given by

ni—no n2—n3 .. Nk—1—Nk ng
GLy ™™ x GL?(lH-lz) X X GL2(11+~~+lk71) X GL2(11+..-+zk

)XSOt

The actual size and the number of times that each G'L; occurs in the above group, is not
important to us. All that matters is that this Levi group has the form GL,, x---xGL,, xSO;
for some [ > 1. The reason that [ > 1 follows from the fact that n; > 1.

Let 7 = (ry,--- ,7,t). Let Q7 denote the parabolic subgroup of SO,,, whose Levi part
is GL,, X --- X GL,, x SO;. We denote its unipotent radical by U?. We define a subgroup
Uz of U? as follows. If t = 0 we define U = U?. In the case when t # 0 we first notice



that U?/[UY, U?] can be identified with Y = Mat,,x, & -+ & Mat,, ,«,, & Mat v For
y=(y,, ,y_1,y) € Y we let Y? denote the subgroup of all y € Y such that y = 0. We
now define U; to be the subgroup of U? generated by the image of Y in UY and by [U?, U?].
In both cases we have V(O) = U;

Next we define a character ¢y, of Uz. To do that we first identify U:/[Ur, Uz] with
X = Mat,, iy, ®---®Mat,,_, «y,®Mat? where Mat] ={A e Mat,, : A'J+JA" =0} and
J is the matrix with ones on the other diagonal and zero elsewhere. To define the character
Yy, we define it on U;/[Uy, Uz] and then extend it trivially to Uy. Let z = (z1,--- ,x;, 7)) be
an element in X. We define ¢y, (u) = ¢(tr(zq + - + x;) + tr'al) where for 20 = (27[i, j])
we set tr'z? = 29[1,1] + - - - + 2%[r;/2,7/2]. ( Recall that r; is even). These characters agree
with the definition of ¢y (o) in this case.

To prove that (2) are zero for all choice of data, we use the same type of argument as
in case (a) where we use R = P,,. Once again, any double coset representative is of the
form wv. Let us just mention that the fact that n; > 1 implies that w is not admissible.
Indeed, from the definition of ¥y (o) in this case we can find two one dimensional unipotent
subgroups such that ¢y () restricted to these groups is not trivial and these groups are not
commutative. Hence at least one of them must be conjugated into P,,. This follows from the
fact that the unipotent radical subgroup of P,,, and hence its opposite group, are abelian.
The general case is done in a similar way as in case (a) and will be omitted. This completes
the proof of the proposition. [ |

Next we define certain subgroups of the group U; which was defined in the proof of
Proposition 2 part (a). For all 2 < k we define U} = {u = (u;;) € Uy : uy; =0, 2<i<k}.
We prove
Lemma 1: For all 2 < k < m — 1 the integral

J A 5)
UL (F)\UT (A)
is zero for all choice of data. Here v, is viewed as a character of UF by restriction.
Proof: For 2 < j < k we expand integral (5) along the unipotent groups x;(r;) = Iom +7j€ ;.
We thus obtain
Z / B i(z2(ra) - 'l‘k(rk)ug)djgfl (w)h(ary + - - - + agry)drjdu (6)

a;EF*

Ut (F)\UT(A) (F\A)k—1

Conjugating by a suitable discrete matrices y(aj) in SOgp,—o(F), integral (6) equals

3 / B i(uyg)i, (w)du ™)

T U (F)\UL(A



However, from Proposition 2 part (a) this last integral is zero for all choice of data. |

Proof of Theorem A: Let O = (n;---ns) be a unipotent orbit. Because of Proposition
2 we may assume that O is greater than (31?"73). Then n; > 3. Assume first that at
least one of the n; is odd and greater then one. In this case the torus ho(t) contains the
factors t and t° = 1 in it. Assume that ¢! occurs p; times in ho(t) and that one occurs po
times. Then from the definition of ho(t) we have p; < 2ps. As in [GRS2], to determine the
character 1y (o) we need to consider the various orbits of GL,, (F) x SOap,(F) which acts
on Maty, xap, (F') whose stabilizer is SO, (F') x SOaqp,_p, (F'). It is not hard to check that
a representative of such an orbit can be chosen so that one of the rows will be a vector of
nonzero length. This means that V() contains a subgroup which is conjugated to UF for
some k < m — 1 and that ¢y () induces a character 1y, on UF. Here UF is defined before
Lemma 1 and ¢g; is defined in the proof of Proposition 2 part (a) . It follows from Lemma
1 that this integral is zero. Thus we may assume that if O = (n; - --ng) then either all the
n;’s are even numbers or the number one. But these cases were covered in Proposition 2
part (c). This completes the proof of the Theorem. [ |

For Theorem B, stated below, we need one more result on the vanishing properties of the
Fourier coefficients. Recall that V' is the maximal unipotent subgroup of SOy, which consists
of upper unipotent matrices. Let € = (€1, ..., €,,) where ¢; € F. We define a character 1§, on
V as follows. For v = v, ; € V we define ¢){,(v) = ¢Y(e1v12+ - - + €m—1Vm—1,m + €EmUm—1,m+1)-
Lemma 2: Suppose that for some j < m — 2, the numbers €; and €1, are both nonzero or

that €,,_o and €,, are both nonzero. Then the integral

/ B (0g) 0 (0)do (8)

V(E)\V(A)

is zero for all choice of data.

Proof: The proof of this lemma is similar to the proof of Proposition 2. All we have to verify
is that the space of double coset P,,\SO,,,/V has no admissible representatives. Clearly, all
representatives can be chosen to be Weyl elements. A double coset will be admissible if and
only if its representative w conjugates into L~ all simple roots of SOy, for which ¢y, is not
trivial. Here L is the unipotent radical of P, and L~ = L'. Clearly, L is abelian. From our
assumption on the €;’s, the character ¢{, is not trivial on the matrices {Ilo, + vj 1€}, }
and {Lom + Vj41,j4+2€) 11 j 12} O 00 {Tam + Vm—2m—1€5, 3 1} A0 { Lo + Vin—1m41€0 1 g1 -
If we consider each pair separately we see that the two matrices are not commutative. Thus
it is impossible to find a Weyl element which will conjugate them simultaneously into L~

which is abelian. [ ]
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3 On Non-vanishing Properties of £, ;

In this section we will determine the Fourier coefficient which the representation E,, ; sup-
ports. More precisely, we will prove
Theorem B: The representation E,,; has a nonzero Fourier coefficient which corresponds
to the unipotent orbit (2%12(m=29),

Let us first recall the Fourier coefficient which corresponds to this orbit. This was done
in Proposition 2 case (b). In that part we defined the group L; and the character v; defined
on this group. Thus the Fourier coefficient which corresponds to the above unipotent orbit
is given by integral (4). To prove Theorem B we need to show that there is a choice of data
such that integral (4) is not zero. To do this we will use induction.

For 1 < j <m—1 let U; denote the unipotent subgroup of SO,,, defined by all matrices
of the form U; = {Iop + 7jj41€; j11 + * + Tjom—j€jom_j T 2€j2m—j11} Where €}, = e, —

€am—t+1,2m—k+1 and z depends on the r;,. In matrices we have

1
1 T z 1 T Z
Uy ={ Ioppo 1| 7 € Matixom—2} U ={ Iopy 1° cr € Matyxom—a}
1 1

1

and so on. We clearly have that V = U,U,...U,,_1 where V is the maximal unipotent
subgroup of SO,,, which consists of upper triangular matrices. Define a character 19 of U;
as follows. For u = (uy;) € U; define ¥9(u) = ¥(u12). We first claim that the integral

/ By (ug) 6 (u)du (9)

U (F)\U1(A)

is not zero for some choice of data. Indeed, consider the Fourier expansion of E,, ;(g) along
U;. From Proposition 2 case (a) we know that the contribution to this expansion from all
vectors of nonzero length is zero. If integral (9) is zero for all choice of data, it follows that
E,..i(g) will equal its constant term along U;. This is impossible unless ¢ = 0 in which case,
E,, ¢ is the trivial representation.

Next we expand (9) along the group U;. In this case we claim that only the constant
term contributes to the expansion. Indeed, the contribution from vectors of nonzero length
to this expansion is zero because the group U, can be conjugated to the group U? which was
defined right before Lemma 1. If the character on U, corresponds to to a vector of nonzero
length, it then follows from Lemma 1 that it is zero. Next we consider the contribution to

the expansion from the nonzero vectors of length zero. Let 99 denote the character of Us
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defined as follows. For u = (uy ;) € Uy define ¥§(u) = 1)(uz3). Thus the contributions from

these vectors will be a sum of integrals of the type

[ Batumgele)udd, (10)

U1 (F)\U1(A) Ua(F)\U2(A)

We claim that this integral is zero. Indeed, continuing and expanding this integral along Us;,
then U, and so on we obtain, that (10) is a sum of integrals of the type (8). Thus, in the
notations of Lemma 2, we have that ¢, = e; = 1. Hence by that Lemma each such term is
zero, and hence (10) is zero for all choice of data.

Thus, (9) equals

/ / B i(uruag) ) (uy ) dugduy (11)

F)\Ul U2 F)\UQ

This integral defines a nonzero automorphic representation for the group SOs,,_4(A). To
prove Theorem B we will show that this representation is E,,_5;_1. Thus we will be able to
apply induction.

Let Q = @2 denote the maximal parabolic subgroup of SOy, whose Levi part is
GLsy x SOy,,_4 and such that its unipotent radical, denoted U(Q) is upper triangular. To

analyze integral (11) we consider the integral

I(h,g) / / Em(u(:z:(r)h, 9), s)¥(r)dudr (12)

A U@Q)(FN\U(Q)(A

Here (h,g) € GLy X SOgp,—4 and z(r) is the upper unipotent subgroup of GLs. Clearly,
I(h,g) is an automorphic function in the variable g, that is on the group SOy(,—2). We
unfold this integral and notice that P,,\SOa,,/Q has three double cosets. First, we have the

identity w; = e and the other two representatives can be chosen to be

1
1 I,
Wo = Iopm—4 w3 = Iopm—4

1

Thus (12) is equal to the sum of the three integrals

=/ Y Rweah )edadr (1)

F\A UQ)(F\U(Q)(A) VE(@QNw] " Prw;)(F)\Q(F)

12



We will show that I; = I3 = 0 by studying the discrete sum in each case. For w; we obtain the
sum over Pp,_o(F)\SOs(m—2)(F'). This means that the sum does not depends on the h vari-
able and hence, conjugating x(r) to the left we obtain zero because of the additive character.
Case wsg is similar. In this case the discrete sum is over (Pp,—2(F)\SOg(m—2)(F))U(Q)(F).
Thus we get zero contribution in this case. We are left with w,. Write U(Q) = U'(Q)U"(Q)

where

1 1 T T2 z *
1 r 1 0 T3 x 2"
/ _ _ I " _ _ Y- Ty TS
U (Q) - {u - Im—2 r* } U (Q) - {u - Im—Z 0 TT }
1 1
1 1

Here, all variables r € Mat;y(—2). For wy the discrete sum equals

(Ba( F\\G Lo (F)) (B2 (F)\SOs(m—2 (F))U"(Q)(F)

From this, factoring the integration over U(Q), integral (12) equals

Z / Z / fs(wou(z(r)dh, vg))(r)dudr (14)

S€B2(FN\GL2A(F) g\ o 7ELm—2(FENSOa(m—2) (F)yr () (A

Consider the integral over U’(Q))(A) only. An easy computation shows that this integral

defines a section in the induced space T nd 2(7 AZ’))( )553(7::1)5_1)/ (m=3)

. This means that as
a function of g € SOy(,—9)(A), integral (14) can be realized in the space of the Eisenstein
series Fy,—2(g, ((m—1)s —1)/(m —3)). We know that integral (11) is the residue of integral
(12) at the point s,,; = (m — 1 —1)/(m — 1). Since integral (11) is nonzero it follows that
the residue of integral (14) at s,,; = (m —1—14)/(m — 1) is nonzero and that it is realized in
the space of the residue representation FE,, 5 ;1 of the group SOs(m,—2)(A). If i > 1 then the
representation F,, o ;1 is not the trivial representation. Hence, when we expand (11) along
Us we obtain a non trivial contribution from the nonzero length vectors. In other words, if
7 > 1 then the integral

Em,i(u1u2u3g)¢?(u1)1/zg (u3)du3du2du1 (15)
Ur(F)\U1(A) U2(F)\U2(A) Us(F)\Us(A)

is nonzero for some choice of data. Here 19 (u3) is defined as follows. If uz = (u; ;) € Us then

¥3(u3) = 1 (us4). Arguing as in integrals (9) and (10) we deduce that (15) equals

/ B (v, (0)d (16)

Va(F)\V2(A)
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where for each j we define V; = UU,...Uy; and for v = (vi) € V; we define ¢y, (v) =
P(v12 + V34 + -+ + U2j_12;). The integral (16) defines an automorphic representation on
SOs,_g. Arguing as above we deduce that this representation is realized in the space of
E,_4i—9. Hence, if @ > 2 it is not the identity representation and we can proceed by
induction to deduce that

Epi(vg)ty, (v)dv (17)

Vi(F)\Vi(A)

is not zero for some choice of data. Recall, from the description in proposition 2, that we

need to show that the integral

Eni(lg)i(l)dl (18)
Li(F)\Li(A)

is nonzero for some choice of data. To show that we will prove that the non-vanishing
of (17) implies the non-vanishing of (18). To do that define the following Weyl element
w of SOy,. Let wlk,r] denote the (k,r) — th entry of w. Recall that to define a Weyl
element of SOy, it is enough to specify it in the first m rows. For all 1 < j < i let
wlj, 27 — 1] =wli+j,2(m—i+j)— 1] = 1. Also, for all 2i + 1 < j < m let w[j,j] = 1. All

other entries of the first m rows are zeros. A simple conjugation shows that the integral

/ B, i(lg)s (1)l (19)

LY(F)\LJ(A)

is obtained as an inner integration to integral (17). Here LY = {l = (lx,) € L; : Iy, =
0 if k>r}.

Next we expand integral (19) along the abelian group LY\ L; with points in F'\A. Using
a certain discrete matrix we obtain that this expansion is given as a sum of integrals where

each summand is integral (18). Thus integral (18) is nonzero. This completes the proof of

Theorem B. u
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