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We show that every irreducible representation in the discrete automorphic spectrum of
GL,(A) admits a nonvanishing mixed (Whittaker-symplectic) period integral. The analog
local problem is a study of models first considered by Klyachko over a finite field. Locally,
we show that for a p-adic field F every irreducible, unitary representation of GL,(F) has

a Klyachko model.

1 Introduction

Fundamental to the theory of automorphic forms on GL, is the fact that a cuspidal au-
tomorphic representation admits a global Whittaker functional. Other period integrals
were considered for certain representations in the residual spectrum. The study of global

symplectic period integrals for GL,, was initiated by Jacquet and Rallis in [8]. They were
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further studied in [14]. In [13], the first named author characterized all irreducible rep-
resentations in the discrete automorphic spectrum that admit a symplectic period. The
main global result of the present work provides a nonzero period integral for any irre-
ducible representation in the discrete spectrum. Namely, following [4], we consider a
certain finite list of Whittaker-symplectic period integrals and show that every discrete
spectrum representation of GL,, admits one of them.

The mixed period integrals are factorizable (see Corollary 2.5) and our global
results have local analogs. The local results of this work continue the study of symplectic
models considered in [5, 15]. In [9], Klyachko introduced certain mixed (Whittaker-
symplectic) models in the context of GL, over a finite field. Our main local result extends
the work of Heumos and Rallis. We show that every irreducible, unitary representation
of GL, over a p-adic field has a Klyachko model. This was previously obtained in [5] for
n < 4. See also [12].

To describe our results more precisely, we set the necessary notation. Let F be
either a number field or a p-adic field. In the global case, denote by A = A the ring of
adeles of F. Let G, = GL, be regarded as an algebraic group defined over F and let U,
denote the group of upper triangular unipotent matrices in G,.

Fix n and let G = G,,. For any decomposition n = r + 2k we consider a subgroup
of G, defined by

X
Hryz,c—{< :)L i > eG:ueUr,XeerzkandheSp(Zk)}.

Here

Sp(Zk)—{gerk:t9< Wk>g—< Wk)}
—Wg —Wg

and wy € Gy is the permutation matrix whose (i, j)th entry is dx.;_; j. Let ¢ be a nontrivial
character of F in the local case (resp. of F\A in the global case). We associate to ¢ the
character ¢, of U,(F) (resp. of U,(F)\U,(A)) defined by

wr(u) = 1/1(11,12 + -+ urfl,r)-
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By abuse of notation we will also denote by ¢, the character of H,.(F) (resp. of
H, 2 (F)\Hy 2x(A)) defined by

u X
%( 0 h ) :wr(u)-

We now describe our main results, first in the global case and then in the local case.

1.1 The Global case

Let F be a number field with adéle ring A. We denote by Z; the center of G. Fix once and
for all a unitary character ¢ of Zg(F)\Z(A) and denote by L?(Zs(A)G(F)\G(A), ¢) the space
of functions ¢ on G(F)\G(A) such that ¢(zg) = £(2)¢(g) forall z € Zz(A), g € G(A) and

/ 6(g) dg < oo.
Z6(A)G(F)\G(A)

We have an orthogonal decomposition

L’ (ZG(A)G(F)\G(A)v 5) = Lzziisc<Gv f) D Lgont<Gv f)

of the automorphic spectrum into a discrete part and a continuous part. The discrete
part decomposes further as a direct sum of irreducible representations, each appearing
with multiplicity one. We say that = is a discrete spectrum automorphic representation
of G(A) with central character ¢ if it embeds into L%, (G, &) and we refer to this embed-
ding as the automorphic realization of . In [11], Mceglin and Waldspurger show that the

irreducible components of L2, (G, ) are precisely the representations L (o, t) parameter-
ized by pairs (o, t) where n = rt and o is a cuspidal automorphic representation of G,(A)
with central character appropriately related to £ (see the first paragraph of Section 2 for
notation and the precise statement).

Let H be an algebraic subgroup of G and let y be a character of H(F)\H(A). For an

automorphic form ¢, whenever the integral converges, we define

B(6) = / o(h)x(h)dh.
H(F)\H(A)

When Y is the trivial character, we will also write Iy for 5.
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DEFINITION 1.1. We say that an automorphic representation = is (H, x)-distinguished if
there is an automorphic form ¢ in the space of 7 such that I} (¢) # 0. When Y is the trivial

character, we will simply say that 7 is H-distinguished.

Our main global result is expressed in terms of the classification of the discrete spectrum

as follows.

THEOREM 1.2. Let 7w be an irreducible, discrete spectrum automorphic representation of
G(A) (of central character £ ). Then, there exists an integer k,0 < k < [%] such that  is
(Hp—2k 2ky ¥n—2k)-distinguished. More precisely, if 1 = L(o, t) and

n(w):rm (1.1)
then 7 1s (Hy—24(x) 26(r)> Yn—2r(r))-distinguished. O

Discrete spectrum automorphic representations are realized as multi-residues
of Eisenstein series. Our proof of Theorem 2.2 (that also implies Theorem 1.2) relies
on formula (2.6) that expresses the mixed period lﬁ::j’;% of the multi-residue of an

Eisenstein series in terms of Whittaker and purely symplectic periods of respective rank
n — 2k and 2k.

1.2 Thelocal case

Let F be a p-adic field. We will consider only smooth representations of G(F). In partic-
ular, when we say that the representation 7 of G(F) is unitary we really mean that 7 is a
smooth representation that has a unitary structure.

Let H be an algebraic subgroup of G and let x be a character of H(F).

DEFINITION 1.3. We say that a representation 7 of G(F) is (H, x)-distinguished if Homg )
(m,x) # 0. If x is the trivial character we also say that = is H-distinguished.

THEOREM 1.4. Let 7 be an irreducible, unitary representation of G(F). There exists an
integer k, 0 < k < [2] such that 7 is (Hy_ok 2k, n—2k)-distinguished. O

As in the global case, following our main local result, Theorem 3.7, we construct a
map 7 — r(w) that assigns (in particular) to any irreducible, unitary representation
an integer k = k() for which Theorem 1.4 holds. This map is described explicitly in
Section 3 in terms of Tadic's classification of the unitary dual of G(F) obtained in [19].

Our proof is local. It is based, however, on the hereditary property of Whittaker models
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with respect to parabolic induction [17] and on our results on purely symplectic models
in [15]. We remark that our proof in [15] uses a global argument. Thus, our entire proof
is based on the global theory of automorphic forms. It will be interesting to see a purely

local proof of Theorem 1.4.

1.3 Some background on the study of mixed periods

Theorem 1.4 can be interpreted as an existence statement of certain mixed models. For a

decomposition n = r + 2k we introduce the Klyachko model

Myzk = Indgy ) ().
Note that M, o is the Whittaker model while when n is even My, is a purely symplectic

model. By Frobenious reciprocity, for any admissible representation 7 of G(F) we have

Homgp) (7, My 2x) = Homp,,, () (7, ¥r).

Thus, if 7 is irreducible, then it is (H, z, ¢»)-distinguished if and only if it can be realized
in the space M, sx. The Klyachko model M, ;¢ is a mixed (Whittaker-symplectic) model for
G(F) and whenever 7 is (H, g, ¥r)-distinguished, we say that 7 admits the model M, z.

The models M, 5 were first considered by Klyachko in [9] in the case where F is a
finite field. If F = I, is the field of g elements, the work of Klyachko suggests that

M= @][;:]oMnfzk,zk

is a Gelfand model for G(Fy), i.e. it is the direct sum of all irreducible representations
of G(IFg), each appearing with multiplicity one. In other words, for any irreducible

representation 7 of G(Fy), we have m, = 1 where m, is defined by
m, = dim¢(Homg g (7, M)).

As already pointed out by Inglis and Saxl the proof of Klyachko contains several inac-
curacies and gaps and is therefore incomplete. In [6] a complete proof is given, using
different methods. The result has applications to the representation theory of G(F;) and
was used, for example, in [2] and in [22]. In [21], an analog is proved for the finite unitary

group.
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The fact that m, = 1 for an irreducible representation 7 consists of the following
three properties: existence (rm admits some Klyachko model), disjointness (7 admits at
most one Klyachko model) and uniqueness (m imbeds into a given Klyachko model with at
most multiplicity one). Klyachko models over a p-adic field were first studied by Heumos
and Rallis in [5]. They observed that, already when n = 3, there exists an irreducible,
admissible representation 7 of G(F) that admits no Klyachko model, i.e. such that m, = 0.
However, when n < 4, they showed that every irreducible, unitary representation =
of G(F) admits a Klyachko model, i.e. that m, > 1. In general, they also showed the
uniqueness of the purely symplectic model [5, Theorem 2.4.2], i.e. that if n is even and

7 is an irreducible admissible representation of G(F), then
dim¢ (Homgg) (7, Mo)) < 1. (1.2)

Another result claimed in [5, Theorem 3.1] is disjointness of Klyachko models for irre-
ducible, unitary representations. Unfortunately, the proof is based on [9, Proposition
1.3] which is false. To be more precise, the proof given in [5, §3] could have been based
on the statement in [9, §1.1], which is a weaker statement than [9, Proposition 1.3] and
which may still be true but, to our knowledge, has not yet been proved. We obtain the
disjointness and uniqueness of Klyachko models over a local field in [16] now available
on arXiv:0711.2884v1 [math.RT]. The local part of the current paper treats the existence
of Klyachko models.

In [15], we provided a family of unitary representations of G(F) that admit a
purely symplectic model. From Theorem 1.4 we get that m, > 1 for any irreducible
unitary representation = of G(F). We also promised in [15] that the current work will
characterize, in particular, all irreducible unitary representations admitting a symplec-
tic model. This was based on the unitary disjointness, which, we only later observed,
remains unproved. We will therefore only deliver our promise in our upcoming paper
when we prove disjointness of the Klyachko models. It will also be interesting to study
the analogous problem in the archimedean case, and the global mixed periods for the
continuous automorphic spectrum of G. Langlands described the continuous spectrum
in terms of discrete spectrum datum. Using this description, we believe that a global
analog of Theorem 1.4, properly formulated, should be true and we also hope to address
this problem in the future. Our study of the global mixed periods was motivated by its
analogy with the local problem. This analogy was already suggested by Heumos in his

survey paper on the subject [4].
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REMARK 1.5. The focus of this article is on nonvanishing of periods. Thus, the way Haar
measures are normalized plays no role in the proofs of the main results. We therefore do
not choose a specific normalization for the Haar measures appearing in this work and
(with the exception of Section 2.3) will make no further comments regarding the choice

of measures.

2 Global Mixed Periods

Moeeglin and Waldspurger classified the discrete spectrum automorphic representations
of G(A) in [11]. We recall their result.

Let P = MU be a standard parabolic subgroup of G with Levi subgroup M and
unipotent radical U. If P is of type (ni,...,n;), then for an automorphic representation
T=71® - @7 of M(A) and for A = (\1,...,\) € C'let 7[)\] be the representation on the
space of 7 defined by

7\ = det™ 7 @ - @ |detM 7

and let I(7,\) = I§(r,\) be the representation of G(A) parabolically induced from 7[}].

For a positive integer t let

t-1¢t-3 1-t
Ap = . 2.1
' ( 2 27 2 ) (2.1)

Fix a character { of F*\A* and identify Zg(A) with A*. Let rt = n and let ¢ be an

irreducible, cuspidal automorphic representation of G,(A). Assume that P is of type
(r,...,r) and let 7 = ¢®'. The representation I(r, A;) has a unique irreducible quotient,
which we denote by L(o, t). Note that the central character of I(7, A;) and therefore also

of L(o,t) is w!, where w, is the central character of o.

THEOREM 2.1 (Mceglin-Waldspurger). Let n = rt and let o be an irreducible, cuspidal
automorphic representation of G,(A) so that ¢ = £. The representation L(o,t) occurs in
L%, .(G,&) with multiplicity one and every irreducible component of LZ;..(G,€) is of the
form L(o,t) for such a pair (o, t). O
We now turn to the proof of Theorem 1.1. Let 7 = L(o, t) be an irreducible component of
L%, .(G,§).If mis cuspidal (i.e. if ¢ = 1), it is well known that the Whittaker functional l}/}:
is not identically zero on 7, in other words = is (Uy, v, )-distinguished. On the other hand,
when n is even we show in [13, Theorem 3] that 7 is Sp(n)-distinguished if and only if ¢ is

even. Theorem 1.2 therefore follows from
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THEOREM 2.2. Let n = (2m + 1)r and let o be an irreducible, cuspidal automorphic
representation of G.(A). The representation L(c,2m + 1) is (Hy 2mr, ¢r)-distinguished. O

The proof of Theorem 2.2 is given in Section 2.2. We start with some notation and

a summary of necessary facts.

2.1 Eisenstein series, intertwining operators and multi-residues

When we say that P = MU is a standard parabolic subgroup of G with its standard Levi
decomposition, we mean that M is the standard Levi subgroup and U is the unipotent
radical of P. Throughout, P = MU and Q = LV will denote standard parabolic subgroups
of G with their standard Levi decompositions so that P is contained in Q.

For integers a < b, let [a,b] = {a,a + 1,...,b}. We identify the index set
A = [1,n — 1] with the set of simple roots of G with respect to the standard Borel
subgroup of upper triangular matrices in G and let AY denote the set of those indices

i that correspond to roots in M. If P is of type (n,...,n;) then

AM:A\{nl,nl—l—nz,...,nl+---+nt,1}.

Let S, denote the group of permutations on [1,n]. We denote by Wy the Weyl
group of M and let W = Wgs. We identify W with S, and when convenient we consider
an element of S, as a permutation matrix in G. Each double coset in W;\W /W)y, contains
a unique representative of minimal length—the left W}, and right W), reduced represen-

tative. We denote by ; W), the set of reduced representatives of the double cosets and let
LW = {w e Wy : wMw ! C L}.

If n = tr and Pis of type (r,...,r), the set ,, W5, consists of the Weyl elements permuting
the blocks of M and we identify 5, Wy, with S;.

For an algebraic group Y defined over F, let X*(Y) be the lattice of rational
characters of Y, let aj, = X*(Y) ® R and let ay be the dual vector space. Denote by (-, -)
the pairing between ay and aj,. If P is of type (n1, ..., n:), then we identify ay and its dual
with RY. The pairing between ay; and aj, is then the standard inner product on R’. There

is a natural embedding of a;, into ay with an orthogonal decomposition

L
ay = ag, D ayy.
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Denote by X — X the orthogonal projection from ay; to a;. We use similar notation for
the corresponding decomposition in the dual space and denote by A — )z the orthogonal
projection of aj; to aj. Using the Iwasawa decomposition G(A) = U(A)M(A)K, where
K is the standard maximal compact subgroup of G(A), we define the height function

Hy : G(A) — ay by the requirement that for every y € X* (M) we have
e<XYHM(umk)> = H ‘Xv(mv)‘v .
\4

The map Hy, induces an isomorphism M(A)/M(A)! — ay. Let pp = (An)m € (am)*
where A, is given by (2.1). Thus,

p— e(2re Hu(p))

is the modulus function of P(A).
Let 7 be an irreducible, cuspidal automorphic representation of M(A). We iden-
tify the representation spaces of I5(r,\) for all \ € ayrc With the representation space

IS(t) with A = 0. In particular, we have

¢(pg) = el Pl r(m)p(g)

whenever ¢ € IS (1), p = mu € P(A), m € M(A), u € U(A)and g € G(A). For ¢ € I§(7) and

A € ay; ¢ we denote by ¢ the standard holomorphic section given by

x(9) = p(g)e .

The action of the representation IS (7, \) on the space IS(7) is then given by

(Ig(ga T, A)@)X(X) = @A(Xg)

forg, x € G(A).
Let A € aj;c and let ¢ € IZ(7). The Eisenstein series E%(p, \) is defined as the

meromorphic continuation of the series

E%g,p, N = Y. ea(h9)
+&(PAL)(F)\L(F)

When Q = G we also set E(p, \) = E%(p, \).
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Assume now thatn = tr,that Pis of type (r,...,r), that Q is of type (myr, ..., mgr),
that o is an irreducible, cuspidal automorphic representation of G,(A) and that 7 = o®¢
is the corresponding cuspidal representation of M(A). For any w € yW§ = S; we let
M(w, ) : I(t,A\) — I(t,wA) be the standard (nonnormalized) intertwining operator. It is
defined by the meromorphic continuation of the integral

(M(w, \)¢)wr(9) = ex(wug)du. (2.2)

/(UﬁwUWl)(A)\U(A)

Its domain of convergence includes that of the Eisenstein series and it admits a mero-

morphic continuation. Let
A% = (Amyy ooy Amy) € (aly)*

and let u € aj. For ¢ € I§(7), the expression

E% oA+ ) TT N = Aiga — 1)
ieAL
is holomorphic at A = A2. We may therefore define the multi-residue of the Eisenstein

series by

E% (p,p) = lim E%(p, A +p) [T (Ai—Aig1 —1).
A—AQ

EAL

It defines a surjective intertwining operator

E91<M) :I{’;(Tv/\a +M) — Ig(L<U>ml) Q- ®L(U)mt))u)'

When Q = G we also denote the multi-residue operator by E ; = E®,(0). It is then a

surjective intertwining operator from I(7, A;) to L(o,t) that realizes the representation

2
disc

L(o,t) in the space L%, (G, ) of automorphic forms. We also consider the multi-residue

of the intertwining operator M(w, \). Let
Aw)={ie[l,t—1]:w() >w(+1)}
and set

M_j(w) = im M(w,\) [T (\i— A1 +1). (2.3)

A=A ieA(w)
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It is an intertwining operator from I(7,A;) to I(7,wA;). For an automorphic form ¢ on

G(A), we define its constant term along Q by

%@:/ $(vg)dv.
V(F)\V(A)

The function £ — ¢q(¢) is an automorphic form on L(A). We denote it by ¢q[e].

2.2 Proof of Theorem 2.2

Fix a decomposition n = (2m+1)r. Let H = Hy 2, let Pbe of type (r,...,r)and let Q = LV
be of type (r,2mr). Note that

H ~ (U, x Sp(2mr))V and L ~ G, X Gamy.

If ¢ is an automorphic form in the discrete spectrum, then it is easy to see that

Ly () = (I @ lspeamn) (Gale)). (2.4)

Let o be a cuspidal automorphic representation of G.(A), let 7 = ¢%?™*1 and let 7 =
L(o,2m + 1). Our goal is to show that the mixed period l}”{ is not identically zero on 7.
As already explained, it is known that qu,: @ lsp(amr) is nOt zero on o[-m] ® L(c,2m) [].

From (2.4) we see that it is enough to show the following.

PROPOSITION 2.3. The map ¢ — ¢qle] defines a surjection from r to o[-m]®L(c,2m) [1] .
([

PROOF. Note first that o[-m] ® L(c,2m) [] is irreducible and therefore it is enough to

prove that the map ¢ — ¢qle] is not identically zero on = and that its image indeed lies in
1
o[-m] ® L(o,2m) {2} .
Since ¢q(£g) is the value at £ of (7(g)¢)ale] for £ € L(A), g € G(A), to prove that the map is
not zero it is enough to show that the constant term map ¢ — ¢q is not identically zero on

7. But it is well known (e.g. [7]) that ¢ — ¢p is not identically zero (in fact ¢ — ¢p defines

an imbedding of L(o, 2m + 1) in I(7, —Agm1)) and we have

(mxg>:‘/’ da(ug) du.
(UNL)(F)\(UNL)(A)
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It therefore only remains to show that ¢q[e] lies in the space of the automorphic

representation o[-m| ® L(c,2m) [3] of L(A). To see this, we use the automorphic real-
ization of L(o,2m + 1) and compute the constant term of multi-residues of Eisenstein
series. Denote by wq, the longest element in ;Wy,. Thus, wg € y Wy, and as a permutation

in Sy 41 itis the cycle (1,2,...,2m + 1). Let

1 *
o = Walomi1 — A% = (m, 5) €ag.

The formula for the constant term that we obtain in Lemma 2.4, implies that E_;(¢)q lies

in the image of the operator

E% (pa) : I(1, Agm+1) — I§ (0 @ L(0, 2m), pua)

for E_;(y) in the space of 7 and therefore E_ (¢)q|e] lies in o[-m]®L(c, 2m) [1]. It remains

only to compute the constant term.

LEMMA 2.4. Forevery p € I(1) we have

E_1(p)a = E2|((M-1(Wa)), ta)- 0

PROOF. For ¢ € I(7) the constant term of the Eisenstein series E(y, A) is given by

E(p,Na= Y E%M(w,\p,w\). (2.5)

WGLWK,[

The multi-residue operator limy ,r,, ., [ (\i — Ai;1 — 1) and the constant term operator
are interchangeable. We show that after applying the multi-residue operator to (2.5),
only the term associated with wq survives. The map w — w~!(1) is a bijection from
tWE to [1,2m + 1]. Let w® € ;W¢, be such that w¥ (i) = 1, thus w® = (1,2,...,i) (and
in particular w(®™*!) = wy,). For the term associated to the identity element w'!) note
that E2(p, \) [T (A\i — Aiy1 — 1) is holomorphic at Agy, ;. Therefore, the contribution to
(2.5) of the term associated to the identity Weyl element vanishes after taking the multi-
residue operator. Fori > 1 we have A(w(®) = {i — 1} and therefore (\;_; — \; — 1)M(w® \)

is holomorphic at Ay, ;1. Note also that

{(w) 1) :j € [1,2m] and (WD Agpsr); — (WD Azt )jir = 1}
=[1,2m]\ {i—1,i}
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and therefore that

ECMw N, w?)  TT (- A — 1)
jell2m]\{i}

is holomorphic at Az, ;. Thus if i < 2m + 1, the w) contribution to (2.5) vanishes after

applying the multi-residue operator. It follows that

2m
E,1<(p)a = lim EQ<M<WQ,A)SD,WQ)\) H(Ai—)\i+1 — 1)
A= Aomi1 i1
The lemma follows. u
This completes the proof of Proposition 2.3. |

As we already explained, this completes the proof of Theorem 2.2.

It follows from Lemma 2.4 that we can express the mixed period as

Ly (E-1(¢)) = (I ® lsp(amr) (E% (M1 (Wa ¢), 1) [€]) (2.6)

where fle] € o[-m] ® L(c,2m) [}] is the valuation at e of an element f € I5((c ®
L(o,2m), uq).

COROLLARY 2.5. The mixed period integral lﬁ"’“(”

n—2# (), 21 ()

is factorizable on the discrete

spectrum representation . O

PROOF. It is well known that on a cuspidal representation the Whittaker functional is
factorizable. It also follows from the explicit formula in [14, Theorem 1.1], that the purely
symplectic period is factorizable on the residual spectrum. It then follows from (2.6) that
the mixed period l}‘}:’m is factorizable on L(o,2m + 1) for o a cuspidal representation of
Gr(A). [ |

REMARK 2.6. Note that the factorization of the period is obtained using a formula for
the mixed period despite the fact that local multiplicity one for the mixed models
is not yet known. Note also that based on the conjectural disjointness of models for
unitary representations, we expect the period l}_/}mk to vanish on every discrete spectrum

representation 7 such that «(7) # k.
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2.3 Some explicit formulas for the periods

Formula (2.6) indicates that the mixed period is related to special values of the Rankin—
Selberg L-function associated to o and its contragradient &. Let L,(s) = L(s,o x &) and
fix once and for all a finite set of places S containing the infinite places and such that for
v ¢ S the conductor of ¢, is O,. If o is an everywhere unramified cuspidal representation
of G(A) and ¢y is its L?-normalized spherical vector, it may be that l}@:(qﬁo) equals zero,
but in any case we can write l%}:(a(x)%) =11, WY¥ (x) where Wy" is the local spherical
Whittaker function for every place v of F, and is normalized so that Wy"(e) = 1 for all
v ¢ S. Clearly, there exists g € G(A) such that lﬁ’:(a(g)qﬁo) # 0 (in fact, we may and do
choose g such that g, = e for v ¢ S). We denote by W}/f‘”, the L?-normalized spherical
Whittaker function and refer to [10, Section 2.2] for the normalization of W}‘j; and for

more details. It follows from Jacquet’s formula for the inner product of cusp forms that

2
wy"(g)
Wy (9)

1
 resg_; L5(s)

I1

veS

where L3 (s) is the partial L-function away from S. We then have

H av(ov;gv)

’ldjn(ﬁ(g)ﬁbo)’z = Vreesss:T(s) (2.7)

where

2
av(ov;gv) = Uv ‘Wl v gV)

Assume now that o is an everywhere unramified cuspidal representation of
G,(A) and let ¢y be the L?-normalized, spherical element of the discrete spectrum

representation = = L(o, t). We have the following formula for the mixed period of ¢g.

PROPOSITION 2.7. For a certain normalization of Haar measures independent of ¢ we

have that if t = 2m is even, then

Lo(2)Lo(4) - - Lo (2m)
ress—1 Ly(8)L,(3) - L,(2m — 1)

2
[lsp(m 0|~ =
and ift = 2m + 1 is odd, then there exists an element go € G,(A) such that

‘gav(mﬂgo,v) Ir_nI I& (2]) O

ress—1 L, (s) ; +1)°

’H,Zm, (diag 90»12mr))¢>0) =
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PROOF. When t is even, the result is [13, Theorem 4] and when ¢ = 1 the formula is (2.7).
Let vy be the L?-normalized spherical cusp form in the space of ¢ and let cpg) be the
spherical section in I(7, A;) normalized so that npg)(e) = v5". We now prove the formula

fort =2m + 1 > 1 using (2.6) and a computation similar to that in [13]. Indeed, we have

C Ea())
(Z)O - (t) .
I1E-1(¢g") |2

As explained in [13], Langlands showed that

-2 ()2 = Zo oS et

(note the typo in the proof of [13, Theorem 4] where ||[E_;()||3 should be replaced by
|IE_1(0)||z2). On the other hand

(2m+1) _ T€Ss_1Ls(S) (2my1)
M_ = —
1(Wa)pg L,(2m + 1) Yo

and therefore

ress—1 L, (s)

EGZrnr (zm) .
L (2m+ 1) (V0® -1 (QOO ))

B (Mo (wa)eg™ ), ja)le] =
The computation in the proof of [13, Theorem 4] gives

(ress—1 Ly ()™

GZmr (zm) —
Lspamry (B2 (0o ) = Ly(3)Ly(5) - Ly(2m —1)

Plugging all this to (2.6) we get

»(2)Ly(4) L, (2m)

I .
L,(3)Ly(5) - L,(2m +1)

Herr d)o ‘ - ‘lUr VO ‘

As already explained, for some everywhere unramified cuspidal representations o, it may
be that lz’/}:(vo) = 0; however, there exists go € G,(A) such that lqé:(a(go)vo) # 0. A similar

computation then gives that for g = diag(go, 12mr) we have

2 L,(2)L,(4)--L,(2m)
LU(B)LU(S) o 'La(zm + 1) .

. (r(@)0)| = |1 (o(g0)vo)

The formula now follows from (2.7). |
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3 Local Mixed Models

Let F be a non-archimedean local field of characteristic zero. For any algebraic group Y
defined over F, we denote from now on by Y the group Y(F) of F-rational points. Our goal
is to prove Theorem 1.4, i.e. to show that for any irreducible, unitary representation = of

G we can attach an integer x(7) € [0, [2]] so that

HomHn72N(ﬂ'),2n(7\') (77, wn72n(‘n')) 7é 0.

The index () is expressed in terms of the classification of the unitary dual of G obtained
by Tadic in [19]. Our proof is based on the properties of derivatives for representations
of G introduced by Gelfand and Kazhdan in [3]. In [23, Theorem 6.1], Zelevinsky classified
all irreducible representation of G in terms of cuspidal representations. The derivatives
are computed by Zelevinsky in [23, Theorem 8.1]. Furthermore, the highest derivative of
any irreducible representation is irreducible. This computation is for derivatives in the
“opposite direction” to those suited for the study of Klyachko models with respect to the
pairs (H; 2k, 1r). It will be more convenient to apply Zelevinsky's results as they stand. We
therefore begin by introducing a closely related family of mixed models compatible with

the derivatives computed by Zelevinsky.

3.1 Another family of mixed models

The derivatives computed by Zelevinsky are more suited to the study of mixed models

with respect to the pairs (Hj, ,, /) where

h X
HZ/k,r = {( 0 u > the Sp(Zk)» ue Uy, Xe€ MZer}

and

(hox
Yy ( > =Y(wg+- -+ U1y
0 u

whenever u = (u;j) € U,. The next lemma is relating between the two families of mixed

models.

LEMMA 3.1. Let (w, V) be a representation of G. There is a linear isomorphism

Hoer,zk (7'(', ’(/)F) = HomHz/k,r (7‘%? 1&{) . O
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PROOF. Fixr and 2k and let H = H,. 5, and H' = Hj, ,. Let 7 be the involution on G defined
by

r(g) =wig'w!

0 wy,
w = .
1, O

Let (77, V) be the representation of G on V given by 77 (g)v = n(7(g))v. It is well known

where

([3]) that #" is isomorphic to 7 and therefore that there is a linear isomorphism

Homgy (7,4,) = Homy (77, 1)).

Note further that 7(H) = H' and that v,.(h) = v(7(h)). This implies that the identity map

defines a linear isomorphism

Homgy (7, 1,) = Hompg: (77, 1);). [ |

3.2 Thedual of G

Zelevinski classified in [23] all irreducible representations of G in terms of cuspidal
representations. For a representation o of G, and for A € C let o[\] = |det]* 0. If 0; is a
representation of G,,, i =1,...,t we denote by o; x --- X o; the representation of G, ...,
parabolically induced from 0; ® --- ® o¢. Let C denote the collection of all irreducible,
cuspidal representations of G, for all positive integers r. For any a, b € R such that

0 <b—a € Zandany p € Cthe set
A=la,b]” ={plat+i]:0<i<b-a}

is called a segment. The representation p[a] x p[a + 1] x - - - X p[b] has a unique irreducible
subrepresentation which is denoted by (A). We say that a segment A = [a, b]*) precedes
the segment A’ = [a/,b'|?) if A’ ¢ A, p'la’] = pla + k] for some integer k > 0 and A U A’
is also a segment. Denote by O the collection of all multisets of segments [a,b]”) with
p € Cand b — a a nonnegative integer. For any a € O, the segments in a can be arranged
asa = {A;,...,As} sothatforall 1 < i < j < tthe segment A; does not precede A;. In
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this case the representation (A;) x --- x (A;) has a unique irreducible subrepresentation
denoted by (a). This is the statement of 23, Theorem 6.1 (a)]. The rest of [23, Theorem 6.1]

is the following statement.

THEOREM 3.2 (Zelevinsky). Any irreducible representation of G is of the form (a) for a

uniquely determined multiset a € O. O

3.3 Derivatives of representations of G

Derivatives of representations of G were introduced in [3]. For a nonnegative integer
k < n, the kth derivative is a functor taking a representation 7 of G to a representation
7% of G, . It is defined as follows. Let Py be the mirabolic subgroup of matrices in
Gy with last row (0,...,0,1) and let Vi be its unipotent radical. We imbed Gj_; in the
upper left block of G, whenever convenient. The functors @~ from representations of Pj
to representations of P,_; and ¥~ from representations of Py to representations of Gy ;
are defined in [1, § 3.2]. For a representation 7 of Py, ® (7) is the normalized Jacquet
functor of 7 with respect to V; and the character 0(v) = ¥(vk_1x), v = (vi;) € Vi regarded
as a representation of P,_; imbedded in Py and W~ (7) is the normalized Jacquet module
of 7 with respect to Vi and the trivial character regarded as a representation of Gx ;
imbedded in P;. If ®~ (™ denotes the functor ®~ applied m times (hence it is a functor
from representations of P, to representations of P, ,,) and 7 is a representation of G,

then the rth derivative of 7 is given by
7 =W o~ (7).

The main property of derivatives relevant to the study of mixed models lies in the content
of [23, Proposition 3.7]. We now recall this property. For any representation (r, V) of G,
let (), V(") be the rth derivative. Then there is a surjective morphism A = Ag)(n) (V-
V() so that

A(m ( “Z i ) v) = ¢r(w)"(g)(4v) (3.1)

forallge G, , u € Uy, X € M, ,«rand v € V. For any subgroup Y of G, _,, let

y X
Hy, = 0 yeY XeM, rxr,uc U ;.
u
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The map A provides the identification
Homgy, (%) = Homy (7", 1). (3.2)

The functor of mth derivative satisfies a “Leibnitz rule”. In [1, Lemma 4.5], it is

proved that for representations o; of Gx and o, of G, the representation (o; x 02)("’) is

glued together from agi) X agmfi), i=0,...,m,i.e. that there is a filtration on (o; x a5)™

(m—i)

with factors ¥ x ¢," ". An easy consequence of [1, Proposition 4.13 (a),(b)] is the

following.
LEMMA 3.3. There exists a surjective morphism from (o1 x 05)™ to oy x oi™. O

PROOF. It follows from [1, Proposition 4.13 (a)] that there is a surjective morphism

(o1 X 02)p,,, = 01 X (02/p,)

(see [1, p. 457-458] for the meaning of the induced representation o; x (o2p,)). Let Q be

either @~ or Y. From [1, Proposition 4.13 (b)] for a representation 7 of P, we have
Qo x 1) =01 x Q(1).

Together with the exactness of Q, this implies that there is a surjective morphism
Q((or x 02)ip,,.,) = 01 X Q(02)p,)-

Tterating this argument, the lemma follows from the definition of the derivative. |

If 70 £ 0 and 7(™ = 0 for all m > k, then (¥ is called the highest derivative of «. For any
segment A = [a,b]”), let A~ = [a,b — 1]”). If @ € O is any multiset of segments, let a~ be

the multiset of segments A~ so that A is a segment in a and A~ is not empty.

THEOREM 3.4 ([23], Theorem 8.1). For all a € O the highest derivative of (a) is (a ™). O

3.4 The unitary dual of G

We briefly review the classification of Tadic for the unitary dual of the general linear
groups ([19, Theorem DJ). A representation § of G, is called square integrable if its matrix
coefficients belong to L?(Z;\G). Denote by D“ the collection of all irreducible, square



20 O. Offen and E. Sayag

integrable representations of G, with r ranging over all positive integers. For § € D* and

a positive integer ¢, the representation

IES RS RS

has a unique irreducible subrepresentation which we denote by U(4, t). This description

is obtained from [19, Theorem D] by dualization. It will be convenient to allow the
notation U(4,0) for the trivial representation of Gy = {e}. Let B be the collection of all
representations of the form U(4,t) or U(4,t)[a] x U(J, t)[—«] where § € D%, t is a positive

integerand 0 < o < 3.

THEOREM 3.5 (Tadic). For every oy, ...,0; € B the representation oy X --- X oy iS ir-
reducible and unitary. Any irreducible, unitary representation of G is of this form

uniquely determined (up to reordering) by the multiset {0, ...,0¢}. O

3.5 Derivatives of Speh representations

We will have to compute the highest derivatives for certain representations induced
from Speh representations. In order to be able to apply Theorem 3.4, we need to express
the representations of the form U(d, t)[a] in terms of the classification of Zelevinsky for
the dual of G, i.e. we wish to describe explicitly the set a = a(d,t,«) € O such that
U(d,t)[a] = (a). For any 6 € D" there is an irreducible, cuspidal, unitary representation

p € Cand a positive integer d such that ¢ is the unique irreducible subrepresentation of
{d — 1] {1 — d]
pPl—s—| X Xp|l——],

i.e.suchthats = ({p[%:2], p[%42],...,p[25%]}) is given in terms of singleton segments.
Let

(p)
1—t t—1
sen=[154 21"

In [19, Theorem A. 10 (iii)] it is proved that

o= {fo o 5]) o 5] o5 )
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As pointed out in [20, Theorem 3.2}, for any « € R we then have

ot {a (0[5 1a]) 8 (i [55%10] ) o (1 [ 252 ] ) .
Note that

Alt,p)” = A <t— 1) {_;D

and therefore that

a(d,t,a)”

1-d 1 d-1 1
=qA(t—1,p|— - = LAt =1,p | —— - = .
([ (o g)]) a2 ()]
By Theorem 3.4 we get that the highest derivative of U(d, t)[a] is
U@,t—1) [a— } . (3.3)

See [18, Theorem 3| for an analog for GL,(R). Applying the Leibnitz rule for
derivatives and an easy inductive argument we obtain the following.

LEMMA 3.6. Leto, ...,0,m € D4, t1,...,ty positiveintegers and oy, .. ., am € R. The highest
derivative of the representation

Uo7, t1)[on] % -+ % UG, tm)[ctm]

is the representation

1 1
U0, t1 = 1) |:a1_§:|x"'XU(5m»tm_1) |:Oém_§:|. O

PROOF. Let §; be a representation of G,,. We wish to show that

(U (61, t1)[en] x -+ % U(bm, tm) [or])

0 k>ri+- -+
Ui, t1—1) [or — 3] X -+ X UQm,tm— 1) [am — 3] k=714 +7In.
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We have already proved this when m = 1. Assume by induction that this is true for m — 1.
By Leibnitz rule, the representation (U(6y, t1)[c1] X - - - X U(Om, tm)[am]) ¥ is glued together

from
(U(61, 1) [a])? x (U(82, t2)[z] - - X U(Gpmy tn)[rm]) Y

fori = 0,...,k. Butif k > r, + --- + r,, then for each i we have either i > r; or
k—1i > rp, + -+ + rp, and therefore it follows from the induction hypothesis that
(U(61,t1)[a1] X - - X U(Om, tm)[om])®) = 0. Similarly, if k = r, +- - -+7y,, then any component

with i # r; must vanish. It follows that

(U(S1,t1)[en] X -+ X U (G, tm)[erm]) "2 Hm)
= (U(61, t)[an])™ x (U(82, t2)[aa] - -+ X U(Spm, tyn) [m]) 72+ H7m)

and the lemma follows by the induction hypothesis. |

3.6 Klyachko models for some representations of G
We are now ready to state our main local result.

THEOREM 3.7. Let 61,...,6q,6{,...,6é, € DY, let my,...,my, m{,...,m(’l, be nonnegative
integers and let o, ..., aq,f, ... ,a(’l, € R. Assume that 0; is a representation of G,,, that

4/ is a representation ofGri/ and that

q q
n= Z(Zmi + 1)r; + Z 2m/r].
i-1

i=1

Letn = r+ 2k where
r=ri+---+rgandk=miry +--- + mgrg+ mir; + -+ mgrg.
The representation

U(01,2my)[ay] X - x U(dg,2me)[ag)]
xU(61,2my + 1)[az] X -+ x U(dq, 2mq + 1)[ayg] (3.4)

is (Hy 2k, ¥r)-distinguished. ]
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PROOF. For § € D* the contragradiant of U(d,t) is U(3,t). Since the contragradiant of an

induced representation oy X - - - X 04 is 61 X - - - X 7y, the contragradiant of a representation

that has the form (3.4) is also of such a form. It therefore follows from Lemma 3.1 that

the theorem is equivalent to the statement that representations 7 of the form (3.4) are

(Hy »¥y)-distinguished (¢ and therefore 1 is an arbitrary nontrivial character of F). Let
o1 = U(d1,2my)[eg] x - X U(dgr, 2mg, ) [org],

oy = U(61,2my + 1)[az] X -+ x U(dq, 2mq + 1)[cyg)

and 7 = 0] X 0. By Lemma 3.3 there is a surjective morphism p : 77 — o) x aér). There
is also a surjective linear map A : 7 — 7(") satisfying the equivariance properties of (3.1).
By Lemma 3.6 we see that

o1 x ay) = U(6],2m])[af] x - x U(dg,2m})[af]
1 1
xU(dy,2my) [al — E} X - x U(dg,2my) [aq — 5}
is induced from Speh representations of the form U(J, t)[«] with ¢ even. By [15, Proposi-
tion 2], there exists a nonzero element { € Homgysx) (01 X aé”, C). It follows that Lopo A is

a nonzero element of Homy, (7). |
na

Using the notation of Theorem 3.7 for a representation 7 of the form (3.4) we define
k(m) = k.

Note that by Theorem 3.5 every irreducible, unitary representation = of G is of the form

(3.4) with |y, |of| < 3. In particular, x(r) is defined. The following corollary is then

immediate from Theorem 3.7.

COROLLARY 3.8. Let w be an irreducible, unitary representation of G then w is
(Hn72n(7r),2m(7r) ) ¢nfzm(ﬂ))_di3tinQUi'ghed' U

This proves in particular Theorem 1.4.
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