RIGID DUALIZING COMPLEXES AND REPRESENTATIONS OF LIE ALGEBRAS

AMNON YEKUTIELI

Lecture at BGU December 2000

0. Introduction

In the lecture I will mention a few results in Lie theory that can be obtained using rigid dualizing complexes. Some of these results are new; others were already proved using different methods.

I will discuss the main features of rigid dualizing complexes and explain how apply to Lie theory.

Part of the work is joint with James J. Zhang (Seattle).

1. Results in Lie Theory

Let K be a field and g an n-dimensional Lie algebra over it. Recall that the universal enveloping algebra U(g) acts on g from the left by the adjoint action, defined by ad(x)(y) = [x, y] for x ∈ g ⊂ U(g) and y ∈ g.

If M is a left U(g)-module then M^∗ := Hom_K (M, K ) is a right U(g)-module. If N is another left U(g)-module then M ⊗ N is a left module by x · (u ⊗ v) = (x · u) ⊗ v + v ⊗ (x · u). There is a similar formula for the exterior powers ⋀_i M, and likewise for right modules.

Thus ⋀_n g is a one dimensional left U(g)-module with the adjoint action ad^⋀n_g.

We view the exterior power ⋀_n g^∗ as a U(g)-bimodule with coadjoint action from the right and trivial action from the left.

Theorem 1. Let M be a K -central U(g)-bimodule with dim_K M < ∞. Then

(2) Ext^n_{U(g)}(M, U(g)) ∼= M^∗ ⊗ ⋀_n g^∗

as U(g)-bimodules, functorially in M.

If M is just a left U(g)-module then (2) is an isomorphism of right modules. This isomorphism of right modules was proved by Brown-Levasseur [BL] (1985) for g solvable and M simple. They used earlier work of Brown on Ore localization in such enveloping algebras. The same result was proved by Kempf.

Chemla [Ch] (1994) proved the isomorphism (2) for any left module M and any Lie algebra g – indeed even for Lie superalgebras and other generalizations. Upon close inspection one sees that Chemla’s proof (based on an idea of Duflo) can be easily extended to the case of a bimodule.

As we shall see the theorem is quite easy to prove using rigid dualizing complexes.

Date: 27.12.00. 1

Let me remark that if g is abelian or semi-simple then the representation ⋀_n g^∗ is trivial, so M^∗ ⊗ ⋀_n g^∗ ∼= M^∗.

However if g is solvable (e.g. a Borel subalgebra) then the representation ⋀_n g^∗ is often nontrivial.

There is an immediate implication (already in [BL]) for Verma modules. Here is a brief resumé about Verma modules. Assume K = C , and let g be a semi-simple Lie algebra, with Cartan and Borel subalgebras h ⊂ b ⊂ g. Given a weight λ ∈ h^∗ there is a one dimensional U(b)-module denoted C_λ . The Verma module is

M(λ) = U(g) ⊗_{U(b)} C_{λ−ρ} ,

where ρ ∈ h^∗ is half the weight of the U(h)-module ⋀_m b, m = dim_K b. Now C^∗_{λ−ρ} ⊗ ⋀_m b^∗ ∼= C_{λ+ρ}

as right U(b)-modules. So from Theorem 1 applied to the left U(b)-module C_{λ−ρ} one obtains directly:

Corollary 3. For g semi-simple,

Ext^n_{U(g)}(M(λ), U(g)) ∼= C_{λ+ρ} ⊗_{U(b)} U(g);

i.e. the dual of a left Verma module is a right Verma module.

Before stating the next result, let us observe that there is a bimodule isomorphism:

U(g) ⊗ ⋀_n g ∼= U(g)^γ ,

where the right action of U(g) on U(g)^γ is twisted by an automorphism γ ∈ Aut(U(g)), which we call the canonical automorphism. . The formula for γ is

γ(x) = x − tr ad^⋀n_g(x), x ∈ g.

Theorem 4 (Y, 1998). Let M be a finitely generated left U(g)-module. Then the annihilators satisfy

γ(Ann_{U(g)} M) ⊂ Ann_{U(g)}op Ext^i_{U(g)}(M, U(g))

for all i. If M is pure of Gelfand-Kirillov dimension GKdim = m and i = n − m then there is equality.

As far as I know this result is totally new (for m > 0).

It is interesting to compare Theorem 4 to something else proved by Brown- Levasseur. They show that for g solvable and a prime ideal P ⊂ U(g) there is an element λ_P ∈ (g/[g, g])^∗ depending on P with the following property. Define γ_P ∈ Aut(U(g)) by γ_P (x) = x + λ_P (x), x ∈ g. Let m := GKdim U(g)/P . Then

Ann_{U(g)}op Ext^{n−m}_{U(g)} (U(g)/P, U(g)) = γ_P (P ).

We obtain the following curious corollary. Corollary 5. γ_P (P ) = γ(P ).

The mystery goes away when P has finite codimension (m = 0), since then

λ_P = − tr ad^⋀n_g

and we are back to Theorem 1

If g is semisimple then ⋀_n g is trivial and hence γ is the identity. Since a Verma module has pure GK dimension we obtain directly from Theorem 4: Corollary 6. Let g be semisimple and M(λ) a Verma module. Then

Ann_{U(g)}op Ext^{n−m}_{U(g)} (M(λ), U(g)) = Ann_{U(g)} M(λ).

This was already proved by Brown-Levasseur from Corollary 3, and relying on earlier work of Duflo [Du].

About Rigid Dualizing Complexes Let me begin by recalling a bit of Grothendieck duality in (commutative) algebraic geometry [RD]. Let K be a field and X a finite type K -scheme. Then there is a canonical object R_X in the derived category D^b_c (X) which is dualizing: RHom_X (−, R_X ) is a duality of the category D^b_c (X). Also if f : X → Y is a proper map then there is a nondegenerate trace Tr_f : Rf_∗R_X → R_Y . Here is how to obtain R_X : if π : X → Spec K is the structural morphism, then R_X = π^!K .

We want to do something like this for noncommutative K -algebras. We will denote by A and B noetherian associative unital K -algebras. A^{op} is the opposite algebra and A^e := A ⊗ A^{op}. Let D^b_f (Mod A) be the bounded derived category of complexes of left A-modules with finitely generated cohomologies. Definition 7 (sketch; Y. 1992). A dualizing complex over A is (omitting details) a complex of bimodules R ∈ D^b(Mod A^e) such that the functors R Hom_A(−, R) and R Hom_Aop (−, R) are a duality between D^b_f (Mod A) and D^b_f (Mod A^{op}).

The complex R ⊗ R has four A-module structures.

Definition 8 (Van den Bergh 1997). A dualizing complex R is rigid if there is an isomorphism ϕ : R^≃→ R Hom_Ae (A, R ⊗ R) in D(Mod A^e).

In [VdB1] it is proved that a rigid dualizing complex is unique up to isomorphism. A ring homomorphism is finite if B is a finitely generated A-module on both sides.

Definition 9 (Y.-Zhang). Suppose A → B is a finite homomorphism of K -algebras and (R_A, ϕ_A) and (R_B , ϕ_B ) are rigid dualizing complexes. Then there is at most one morphism Tr_{B/A} : R_B → R_A in D(Mod A^e) such that

(i) (Nondegenerate) Tr_{B/A} induces isomorphisms

R_B ∼= R Hom_A(B, R_A) ∼= R Hom_Aop (B, R_A)

in D(Mod A^e).

(ii) (Rigid) The diagram R_B^{ϕB}−−−−→ R Hom_Be (B, R_B ⊗ R_B ) Tr Tr ⊗ Tr R_A^{ϕA}−−−−→ R Hom_Ae (A, R_A ⊗ R_A) in D(Mod A^e) is commutative.

This morphism is called the rigid trace.

Remark 10. If A is commutative and X = Spec A then the complex R_A := Γ(X, R_X ) is rigid. This corresponds to the fundamental class of the diagonal X ⊂ X × X. For a finite homomorphism A → B the rigid trace coincides with the trace of [RD].

To prove existence of rigid dualizing complexes we rely on work of Van den Bergh. A filtration F = {F_nA} of A is called noetherian connected if the graded algebra gr^F A is a noetherian connected graded K -algebra.

Theorem 11 (Van den Bergh). Suppose A has a noetherian connected filtration such that gr A has a balanced dualizing complex (e.g. gr A is commutative). Then A has a rigid dualizing complex R_A.

Theorem 12 (Y.-Zhang). Let A be as above and A → B a finite centralizing homomorphism (e.g. B = A/I). Then B has a rigid dualizing complex R_B and the rigid trace Tr_{B/A} exists.

2. Application to Enveloping Algebras

Evidently Theorems 11 and 12 apply when A = U(g) is an enveloping algebra and B = U(g)/I is any quotient.

The next theorem was conjectured by Van den Bergh. Theorem 13 (Y. 1998). The rigid dualizing complex of U(g) is

R_{U(g)} = ( U(g) ⊗ ⋀_n g ) [n]. Remark 14. This is to be expected from deformation considerations. If g is abelian then A := U(g) is commutative and A ⊗ ⋀_n g = Ω^n_{A/K} .

Proof of Theorem 1. We are given a finite dimensional left U(g)-module M. Let I := Ann M and B := U(g)/I. Then K → B is a finite homomorphism and the rigid dualizing complex is R_B = Hom_K (B, K ) = B^∗. Because the rigid trace

R_B = B^∗ → R_A = ( U(g) ⊗ ⋀_n g ) [n] exists in the derived category we have isomorphisms of right modules

M^∗ = Hom_B (M, B^∗)^≃→ Ext^n_{U(g)}(M, (U(g) ⊗ ⋀_n g)).

Twisting by ⊗ ⋀_n g^∗ we get the desired isomorphism. The same proof works when M is a bimodule.

Proof of Theorem 4. Taking I := Ann M and B := U(g)/I we get like before

Ext^i_{U(g)}(M, U(g)) ∼= Ext^i_B (M, R_B )^{γ−1} .

By definition R_B is a complex of B-bimodules. Hence the right module Ext^i_B (M, R_B )^{γ−1} is annihilator by γ(I). For the second statement one needs to use the Auslander property of R_B which we don’t have time to discuss today.

References

[BL] K. A. Brown and T. Levasseur, Cohomology of bimodules over enveloping algebras, Math.

Z. 189 (1985), 493-413.

[Ch] S. Chemla, Poincaré duality for k-A Lie superalgebras, Bull. Soc. Math. France 122 (1994), 371-397.

[Du] M. Duflo, Sur les idéaux induits dans les algèbres enveloppantes, Invent. Math. 67 (1982), 385-393.

[RD] R. Hartshorne, “Residues and Duality”, Lecture Notes in Math. 20, Springer-Verlag, Berlin, 1966.

[VdB1] M. Van den Bergh, Existence theorems for dualizing complexes over non-commutative graded and filtered rings, J. Algebra 195 (1997), no. 2, 662-679.

[VdB2] M. Van den Bergh, A relation between Hochschild homology and cohomology for Gorenstein rings, Proc. Amer. Math. Soc. 126 (1998), 1345-1348.

[Ye1] A. Yekutieli, Dualizing complexes over noncommutative graded algebras, J. Algebra 153 (1992), 41-84.

[Ye2] A. Yekutieli, The rigid dualizing complex of a universal enveloping algebra, J. Pure Appl.

Algebra 150 (2000), 85-93.

[YZ] A. Yekutieli and J.J. Zhang, Rings with Auslander dualizing complexes, J. Algebra 213 (1999), 1-51.

Department of Mathematics, Ben Gurion University, Be’er Sheva 84105, ISRAEL E-mail address: amyekut@math.bgu.ac.il WWW : http://www.math.bgu.ac.il/∼amyekut